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PREFACE 


The following pazes contain certain interesting results 
in the Geometry of Hyper-spaces, entirely a modern branch 
of Mathematics, which is now recognised as an indispens- 
able part of that scienee with extensive applications in 

e Mathematical Physics. In preparing this volume I have 
always adopted analytic methods of proof, supplemented by 
geometrical conceptions where simplification could be 
gained thereby. The subject covers too extensive a field to 
be adequately dealt with in its various aspects in a small 
work like this ; consequently, in the choice of subject- 
matter I have selected only those which could be treated 
on the most elementary principles without a knowledge of 
higher Mathematies. I have carefully avoided the discus- 
sions of of geometrical figures which, in higher spaces, are 
no doubt very complicated and difficult of conception. 

In Chapter I, the most prominent properties of isocline 
planes have been discussed. 

In Chapter II, Motion in a space of four dimensions 
has been studied, but little attempt has been made to extend 
the ideas to spaces of dimensions beyond the fourth. 


A In Chapter IIT, Complexes in n-dimensions have been 
" i discussed, giving, in some cases, geometrical interpretations 
E to the equations defining the Continuum. The name 

4 * paralleloschem ” has been adopted after Schlütli. 








— In Chapter IV, properties of hyper-surfaces have been 
J diseussed at some considerable length. No writer in hyper- 
D. r T J ‘geometry has as yet, to my knowledge, attempted a syste- 
— matice study of the subject; my attention has however 


A been chiefly confined toa systematie development of the 
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subject on the most elementary principles, although a 
thorough discussion has to be postponed for want of space. 


In Chapter V, only an introduction of the differential 
methods in the geometry of hyper-spaces has been 
attempted. 


In a modern science like this, great confusion arises with 
regard to nomenclature. A considerable number of new 
terms have therefore been introduced, formed, as far as 
praeticable, in aecordanee with recognised principles. I am 
indebted to the works of Veronese, Bertini, Schläfli, 
Manning, Cole, ete., for substantial help in preparing this 
volume and my obligations. to these authors are perhaps 
greater than I am aware of. 


In conclusion, once more I must acknowledge myself 
in the highest degree indebted to the Hon’ble Sir. Asvtosh 
Mookerjee, Vice-Chancellor and President of tke Couneil 
of Post-Graduate Teaching in Arts, University of Calcutta, 
for his extreme kindness in often encouraging me to 


proseeute research in the field of hyper-geometry. It was 


his most inspiring advice which prompted me to take to 
the subjeet and continue the investigation. My best 
thauks are due to Mr. A. C. Ghatak, B.A., Superintendent, 
and the Staff of the Caleutta University Press, who took a 


personal interest in bringing out the book in the least 


^ 
" 


possible time. * c 


y uv 


University or Carccer FA, i 


March, 1922. 










ANALYTICAL GEOMETRY 


OF 
A HYPER-SPACES 
LIAE BL! 
— — 


CHAPTER 1-—1socline Planes. 


1. -Angles between two planes :— 


We have already defined (Part, I $. 23) minimum angles 
between any two planes and obtained analytical expressions 
for them. We shall now show that they really define the 
inclination of one plane to the other. 





- r a 
` Let ure and — 215-4850. +| 
sin @ sin 6 g 
be the direction-cosines* of the two given planes, both 
passin z through the origin. 
Then, by analogy to the formula in our ordinary 
Geometry of three dimensions, we may assume that some 
—— function or functions of the angle or angles between the 
— —— two planes (which we denote at present by cos 2) are 
~~ given by 
—— SLre L'rs 
Ii A M Tio a ea 
E : * sin @ sin 6 
F e 
y B 


Es. ‘See the author's paper “ On the angle-concept in n-dimensional 
— xt 5. Bulletin of the Caleutta Math. Soc, Vol. IX, No. I, 
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or sin @ sin 0 cos L'rs I 21,32, 3, 4 


pa Ri | P, V. 
m, m, BO wins 


USES Lim,’ tlemi | 


yay tty te... mya’ tm," +... | =| 
^ 
cos Il" cos Im' 
^ ^ 
cos I'm cos mm" —* 
| (i) clam’) | 
| (Um) Gm) ae í 










^ | ^ , 
where cos H'— (I) and sin WSH]. 
. [tm] [Pm] cos Q=(W) (mm')— (m) Wm) 0) 


To prove that this formula must always hold, we E ke 
any other line (L) in the plane (Q. m whose d tion- 
cosines may be taken as— 


A, — omis d 2, 3, 4] 
where A and p are e agia 


» 4 
his — v 49> ma 4 — 
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Now, we bave L: AL, +m, 
à and ] —ZL,*?*-—A*--,4?--2AÀ4 cos (pty) Ax, CAI 


If the formula (1) is to be always true, we must have 








à Al, eye, Al, Rum, | E I. 
sin @. sin 0 cos (2, 2X | | | 
br l, L 152 Te 
^ | Le lait | E, n, 
= uS | | 
| "1, m, m'. om’, 
=p sin @ sin @ cos Q, by (1) 
^ sin e cos £2, =p sin (d$ +y) cos 2. ex. # (3) 
Similarly, by considering the planes (L, m) and (7'r) 
we have 
3 sin X cos Q, =A sin ($ +4) cos Q. — (4) 
If the formula (1) is to be always true, conditions (2), 
(3), (4), must simultaneously hold and we should have — 
(0,-1,. 
—— 
^ 
Now, cos @=/L=S/l,(Al, +pm,) 
* =ASl, te pl m, 
* 
ub T. =A+ jln) 
ae ^ 
Pa V ny Similarly, cos y/—cos Lm —pn4-À cos (d+) spar (9) 





* (oe sin*é—1—cos*$ —1— 1A COS (h+w)}* 
=p? sin? ($+), by (2) 


es, what we have called cos is nothing but the product t 
* . of the cosines of the two minimum gie. j 
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and 


sin* y—1—cos? =A" sin (+ v). 
n A LS 
sin y sin d sin (+y) 
Substituting these values of A,» in. (3) and (4), we find 
cos 02, —cos (1, —cos 11. 
and therefore, DoD IG. 
and the expression (1) always holds. 


Since the expression (1) involves only the functions of 
angles between the four lines determining the planes, it 
is independent of the orientation of the system of axes and 
depends only on the initial lines. 











I. Ll i 
Putting ([!m/l'm']—x* 
am, m,| om om^ 
the expression (1) may be written as— 
- cos Q. sin sin 0'z [Im/l'm"]. 
or, cos? Q=|im/l'm']*/{tm]* [lm]. * 
So far we do not know what Q or cos {2 means. But. — 
we have seen that if 6, and 6, be the mipimum ce ^r a 
between two lines, one in each plane, ` À "2 MEG 2$ 
cos* @,, cos* 0, — [Im /I'm']* /[hm ]* [mrt yey , E 
— 
Thus we find that cos* N=cos*6,. cos*Ó,. - ` pa 


dns — — 
UR b —— 
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LI 


Hence, we may define the magnitude Q as the ** //yper 
angle” between two planes, when it satisfies the relation 


cos’ f) — cos* 0, .cos* 0. 


2. We have seen that the minimum angles between 
two planes (7, w) and (p, 4) are given by the equation :— 


 cos*6[ ln ]* [pq 1? + fL 0n p4]* —[Un]* [ pq]* —[^m/pq1* 1 cos*6 


+ [Im/py)]? =0. 
Put [In ]* [pg]*a* 


[mpg ]* =b" 
[Im/pq* —e*. 


Then the equation becomes— 


a” cos* 0--(b* —a* —c*) cos? 6-- c? =0. 


This is a quadratic in cos* 6. 
- = (mro —b?)- = (b? —a* —e* )* —4a%e* 
2.  cos* d= — 


_ (a* 4- c? + Vat +b* +e* — —2a* b* —2b* c* —2a*c* 
mM Tas 


‘The expression under the radical sign breaks up into 
- factors— 


X 4-5--c)(b--o-a)(cd-a—b)(4-Fb—e) 4. (1) 

-. The two roots of the above equation will be equal 

when any of the factors in (1) vanishes. | 

The expression under the radical may also be written 
dn the equivalent form 


0 





| es i Ov aw b o 


Q <a? 6? a O b 
c* O a? 7 be 0: a 
b^ a? o c b a o 


wae. Te 





3 ’ PT — — — 3. 
"n wr This theorem has been used —— in — 
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Hence, the condition for the equality of the roots may 
be written as A —0, or 


" 1 1 1 | 
1 0 [lIm/pq]* — [!/mpqu]*? à 
1 [mpy] * o [Im ].* Cpg)” i 


| 1 [hnpq]* — [tn].*[74)* u 
When this condition is satisfied the two roots are equal, 
i., cos 0, —c0s 0,. ~. 0,—0, or — 0, 

In this ease the two planes are said to be /soc/zue to 
each other. 

Definition :—Two planes are — to be :soc/ine to 
each other, when the two minimum angles between them 
are equal in magnitude. The two planes are called 
'* ¢soclines.”’ * 

3. If two balf-lines in the plane « make equal angles 
with another plane 8, then the half-line bisecting the angle 
between them and the balf-line bisecting the angle between 


their projections upon 8 will he in one of the common 


perpendicular planes of a and jf, and the angle between 


them is equal to the equal angles between the two planes. f 


Let /, w be the two half-lines in «a and 7, g their projec- 


tions upon £, all passing through a common point. 


AT uim. 


"T km ERE 


J Mad 








Let A and » be the half-lines bisecting tbe e angles. = 
between (Z, m) and (7, 4) respectively. l 


P a: 


— naieui⸗ lar 





d. e; to B. 
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and ]1—XA,*—1[X/,* -€Em,* -2(1m)1 
—111-2- (lm)? See, G h 
Similarly, l=}{1+‘pq)} — D 


If $ be the angle between A and u, we have— 
cos — 5) a, =H XI; p, +m Pi tlg -Xm,4,1 
= (lp) + Gap) + (0494) + 0n4)1. 
But (p) = (mq) =cos 6 (say) 
~ eos $—112 cos 6--(mp)--(i3)] 


Now, »,p, determine a three-space and Z mgp isa 
right dihedral angle. 


^. We have, by Spherical Trigonometry, 
(mp)-—(mq) (pq)-cos 6 (pq) 


and (/4)=(/p) (pq) — cos 8 (pg) 
^ cos p=} [2 cos 0+2 cos 6 (pq)}=}{1+ (nq) feos 6 
=cos 0 [by (2)] 
Again, (Ap =(Al) (A1) 
(Ag) = (Am) (mq) 5 (D) (1p) cos (A1) 
5 (Ap)=(Aq) 


But — (Ap) =p) (up) [Ae ][ up] cos App” el (3) 
and (Aq) =p) (ng) + [Ag] [nq] cos Z App 
=(Ap) (pep) + [An] Lup] cos Z Apg e (4) 
- From (3) and (4) we have— 
Cos Z Aup-Cos Z ^u 


— the dihedral angle \up=the dihedral angle A44 ; 
^e, the plane of en is perpendicular to the plane of (p. q) 


* Tod Hunter, Sph. Tri., § 42. 


E «4 = - 
aa “ee n te > L A io ae * 
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Similarly, it may be shewn that the plane (A, a) is 
perpendicular to the plane a. 

z The half-lines A and 4 determine a common perpen- 
dicular plane of the two isocline planes a and 8; and the 
angle between them is equal to the “rsoclinal angle" 
between the planes. | 

Cor.:—If more than two pairs of opposite half-lines 
in one of two planes make any given angle with the other 
plane, the two planes are /soc/ine and the given angle is 
called the ** /«oc/2wa angle " between the planes. 

4. The generalised form of the above theorem is the 
following :— 

If A and » be taken one in each plane, dividing the 
angles between the “mimmat fines” in the same ratio, then 


the plane of (A, p) is perpendicular to both a and 8 and | : 
the angle between A and p is equal to the isoclinal angle. Fi 
; 4 m : E 









(So — Fig.2 

C EM Let Jem AG =AL, +Bm, 

E 3 pe =Ap, Bg, : 
and | (123A,9—A!-RB?42 AB(m) — 

ONE un l-35,'—A'B'e2 AB(p9) 

co pO ME 
- At, +B ABL 
- fal 6--B* c — + Map. | 
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Again, 
(Ag) zz X(AIL, + Bm, gi — At(lq^ + Bmg) 
=A cos6(pg)-- B cos6 
=cos 61 A( p4 ' +B! res «DJ 
(Ap) ==CAl, Bm ,)p, =A(lp)+ B(mp) 
=A cos +B cos pq) 
—cos 61 A -+ B(pa)] asx (2) 
Also, (Aq) =(Ap (97) - [Ap] ng] cos £z Aug (3) 
—cos 61 A( pq? -- BY1[Agu][pg] cos Z Ap. 
From (1), [Ap | nq] cos Z Apg =O 
LCs, cos Z Aug =0 


` ZApq or the dihedral angle is a right angle. 
Similarly, it may be shewn that is a right angle. i.e., 
the plane of (^. 4) is perpendicular to 8. Similarly, it is 
perpendicular to a. 

Cor. :—Hence it follows that any plane meeting two 
isoclines a and /7 in two lines which divide the angles 
between the minimal lines in each in the same ratio is a 
common perpendicular plane to a and 8, and the two planes 
cut out on it an angle equal to the isochnal angle. 


5. If two planes cut out equal angles on a pair of 
common perpendieular planes they have an infinite number 
of common perpendicular planes, on which they cut out 
equal angles. Unless they are absolutely perpendicular 
planes, any two of these common perpendicular planes eut 
out equal angles on the two planes. 


Let two planes a(/, m) and B (p,^4) have a pair of 


common perpendicular planes (7, p) and (m, 7), on which they 


^ ^ 
cut out the angles $—/p and $4 —»4. Consequently ¢, and 


p,q are the minimal lines. (Fig. 2.) 
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^ ^ 
It is known that angle Z;» and pg are right angles. 


^ ^ ^ 
In ¿w and py, lay off equal angles /A and pp. 
Then, evidently the lines ^ and # divide the angles 


^ ^ 
fm and pg in the same ratio and therefore supposing that 


$—4', by the corollary of $ 4, the plane of (A, 5) 15 a 
common perpendicular plane to both a and £, and the angle 
A > a = 

Aw is equal to the isoclinal angle $. 


A ^ 
We can make the angles /A and pp equal to any 


given angle and in all cases the plane of (A, 4) is common 


^ A 
perpendicular to a and 8, provided the angles /A and py are 


equal. 


è Thus there are infinite number of common perpendicular 
planes to two *'* isoclines.” 


Again, since the half lines of the common perpendieu- 
lar planes make equal angles with / and p, any two common 
perpendicular planes must eut out equal angles on a and 
B, provided a and £ are not absolutely perpendicular ; for 
in that case all lines in a are perpendicular to all lines in 
B, aud any plane is a eommon perpendicular to both, 


6. The converse theorem is also true :— 


If two planes, not being absolutely perpendicular, 
have more than two common perpendicular planes, the 
acute angles which they cut ont on any pair of these com- 
mon perpendicular planes are equal, and the planes are 
isocline to each other.* | 


« 
* Cf. Manning — Geometry of Four Dimensions, § 68, X 
ec a> 
â - zr z * 
^ P ^ S * 
a . Lae b ! e” P " i 
- y." s JF P * et * dm 
C, qu ip er B ac * 
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In the figure of the last article, let (A, ») be another 
^ 


common perpendicular plane to a and 8, and let /p—d 
^ 
and mg=q@. It is required to prove that A4—4$—4. 
A ; A 
Suppose we had Au 24 t.e. — 7p. 
s'e (Ap) mp) 
But (Ap) =CAp) (Opp) and (lp) =(Ip) pp) 
+. Clu) > Ap) (1) 
Again, (Ap) =(1A) (lp) and (lu) =(1A (Ag) 
(2) 


* (Ap) > (tye) 


Inequalities (1) and (2) lead to eontradietion. 
^ We must have (Apj=— Ip) =cos $ 
A A 
A Ap—h—lIp, 
In the same way it can be proved that A4—m3-—945. 


ds , 
S Ano; 


i.e., the planes a and £ are “ isoclines." 


4. f (7, m) and (p, 4) are the ** minimal lines ” of two 
planes « and 8, aad if two half-lines X and y be taken, one in 
each of the planes, dividing the angles between the mini— 
mal lines in the same ratio, the plane of (A, p) is equally 


È n 

Los — . ánelined to a and 8B. "The angle eut out on this plane bv 
Pt aand f lies between 8, and 4,, the minimum angles be- 
— tween a and 8. Also, the plane of the half lines bisecting 
— the angles 6, and 6, intersects the plane of (A, +) ortho- 


noc gonally and bisects the angle between ^ and p. 
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Let 4 and 4 be the lines bisecting the angles 6 





and 6. 
and let the plane of (4, 4) intersect that of (^, 4) In the 
line T. 

Fig. 3 
Also, let A, Al, +Bm, T 
pp, =Ap, + Bye, 
L ai a». £t Z, ods 4] 
4 =j 


We have, (lp ) —CIp) (pp)—cos 6, (pp) 


=cos 6, (Al) — (Ap) 
(Ip ) z2(1X) CAp) + [AL] [Ap] cos Z ip. 
=(Ap) 


Now, 


Also (Ap)—Cpp) Ay) + | pe] [Ap] cos Z pp 


—(X). (Ap) + [7X] [Ap] cos Z pp 
^ cos Z [Ap —cos Z ppa te. LiAp= Z pp; 
ie., the dihedral angle /Au —dihedral angle pp. 
Similarly, ZmAp= £ gu 


^ 
Aj. 


>O, p<, . 


Let 
Then, if 
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For, cos Z /Ap=—cos Z mAp= UE TA ( 1e | e 
P . 


=P) (pp )—CIX) (Ap) 
UX] [Aw] 


But cos Z mAp= — Gon) — (Am) (Ap) 


[Am] [Ap] 


- l — (mq) (pq)—( Xm) (Ap) 
Am] [Ap 


= cos 6, | pp J= [ IX] (Ap) 
(IA) [Ap]. 


. COS 0, (pu) —(IX) (Ap) _ _ cos 6, [pu]— [IA] An) 
LA] DA] (IA) [Ap 


nf: or cos Ó,( pp) (IX) — (IA) * (Ap) 
CP Me — —cos 6, [pp [A] -- [IA] * (Ap) 
or (Ag) (OX)* +[7]*} =cos 6, (pp) (IX) cos 6, [pr] [IA] 
—cos 0, (IX)? -- cos 6, [/A]* 
But - (1X)? + [7/4]? =1 
^ (An) cos 0, (IX)? -- cos 0, [IA]? 
| > (Ap) (0X)? H- cos 8, [IA]* 
B2". for, cos $= (Àp) cos 6, : 
ES. ^u) (1— 0X)*] >cos 6, [IA]* 
$ A [1A]* >cos 6, [/A]* 
(Ap) >cos 6, i.e., cos $2» cos 0, 
dX ME b. «e. 












^ 
- 
E 


‘nan aci 
"n 4 mdi | AJ all “ad 
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The angle (wv) betw een the planes of (A, p) and (k, hh). 
is riven by— 


cost y= [Au kh] /[Ay]* [kA] 


The numerator is the square of the determinant 











SOY QUO) 41e cm 
| i.e, of (Ak) (uh) — (Ah) (pk) 
è (uk) (ph) |* e > 
| : l, +p, ? | | m; +q: 
or of $ (AL, +Bn (FP )! f SCAp, Bo o ( J$ À 
m, T3; l, T , ; i k 
— f EX(AL, + Bon,) (™ Fr) } $ XC Ap; +Bq,)(+FP) E 
c ieot] [ Aton tUm) — ap} Eu. 
+ B*fGonpj6mq)- (np) — (13) — Ug) 60040] m. 
ee n 
But (wp)::0 aid ^ (2)50. EU. 
The numerator becomes zero; £e, cos y —0 ———— — Mc 
M dur AN 
EU Dod": planer aki; i ail (ARR mutually perpen- - 
pi — Also, the direction-cosines of T, the Tne o f 
m" = intersection of the acus (A, +) and (4, 4) Esai ehi 
2 * follows :— 


(Xf T is the line — divides the angh 


is 
— "Abu i 


pd [s 
res an LE 
| Se ' [/—1 


* p ES 
LM "J 


à ~ ^d * JU 


¥ 
2 
Me 
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This shows that the line T bisects the angle between 
A and j4.* 

8. Conjugate series of isocline planes :— Let the 
planes a and Æ be two isoclines and let the plane «° be 
absolutely perpendicular to a, so that the four terminal 
half-lines Z, m, form a rectangular svstem. 

The two planes a and 8 have an infinite number of 
common perpendicular planes ($ 5) on which they cut ont 
equal angles and any two of these common perpendicular 
planes cut out equal angles on a and £. 





Thus, if in the planes a and 8 we lav off an angle v 
from Z and p in the same sense, the half-lines of these 
angles will form an angle 9, and will determine a plane 
y perpendicular to both a and £. ‘This plane y is perpendi- 
eular to both the planes a and a’, and consequently is one of 
the common perpendicular planes of 8 and a.” The 
plane y makes with / an angle v and can therefore be 
determined by laying off angles v from / and / and 
the construction can be performed without any reference to 
the plane 8. Thus this plane y is a common perpendicular 


CIE | 
*The angle Au has been called an isoclinal angle of the planes a 


| nnd B. nnd the angles 8, and 8, are its maximum nnd minimum values. 


 (Fide—Trans. of the American Mathematical Society, Vol. II, 1901, 
page 109, paper by L Stringham) Stringham says that “Two 
planes may be ssid to be mutually isoclinal, when their isoclinal angle 





' ^ is constant, "and he calls the two planes “ isoclinex" Wo have called 


he he constant siglo " isoclinal angle between the two planes,” 
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plane to all the planes of the isocline series 8, obtained by 
eiving different values to 9, Similarly, by giving different 
values to & we have an infinite number of planes y per- 
pendieular to all the planes of the series 8 

Thus we have obtained two series of isoeline planes, 
B series, and y series, each. plane. of the one series being 
perpendicular to all planes of the other series. These two 
series of isoclines are called “conjugate series of isocline 
planes.” 

9. Senses of isoclinism * :—In the above construc- 
tion we have taken 6=6." But the two planes «and 6 
will still be isocline if we make = —6." These two 
cases are quite distinct, and in the latter case we measure 
0'— —@ in the plane (m, m’) on the side of m remote 


from 4 and if g be the other arm of angle, we have /p=@ 


^ 
and m4 '— —6,and the plane determined by (p, 4') is 


isocline to a, but in à sense opposite that in which the 
plane ( p, 4) is isocline. Thus both the planes / p, 7) and 
and ( p, g’) are isocline to a but in opposite senses. If we 
lay off equal angles on (7, 7^) and (m, m’) on the same side 
as p, q; and p," 4" be the other arms of these angles, 
then the planes ( p, 4) and ( p,” 4”) are isocline to a in the 
same sense. 

When two planes are isocline in opposite senses, one is 
said to be josiéire/y «isocline and the other negatively 
tsocline. $ 

10. We may here quote (witbout proof) two very 
important theorems regarding isoclines : 

Theorem A:—Ifa plave is isocline to another, the 
latter will be isocline to the former i in the same sense. ——— 


eI. Stringham-— Transactions of the . American. Mathematical — 
Society, Vol. 1. 1901, — =e | = oe 
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Theorem B :—Two conjugate series of isoclines are 
isocline in opposite senses. 


Cor. :—Two absolutely perpendicular planes are isocline 
in both senses, but only in one sense when we distinguish 
in each a particular direction of rotation. 


11. Given a half-line (p), not in a given plane a, nor 
perpendicular to it. Determine the number of planes 
which ean be drawn through (p), isocline to a and also 
their senses of isoclinism. 


Let (/) be the projection of p on the plane a. Then 
the plane of (p, 7) is perpendicular to e. Let (m, q) be 
the plane absolutely perpendicular to the plane ( p, /) and 
let m be the line of intersection of a with (», q). In the 


plane (»,4) lav off angles mg and mq’ (equal to p/), 
measured from w in opposite directions. The terminal 
half-lines of these angles are g and 4. Then p and 4 





- 
determine a plane which is isoeline to a in one sense, but 
p and 4' determine another plane through p isochne to a in 
opposite sense. ‘Thus we see that there are two planes 
which ean be passed through (7) isocline to a in opposite 
senses. 
The construction is this: From m lay off (in the plane 
y AN A 
(7, m) angles 0 and — 8, where 0 = pë. 
b I 
: 'à Fig. 5 
iar = In (pp, 7), p and g are the minimal lines, while in 


( p, g), p aud g’ are the minimal lines. 
12. The two common qampendiotee planes of a given 
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through a line of « are inclined to each other at an angle, 
constant for all Koxitionn of the line. 


Let (l, m) be the given plane a and a’ (/, mm’) its 
absolutely perpendicular plane. Also, let Æ (p,q) and 
y (p, 4) be two planes isoeline in the same sense to a. It 
is required to prove that the angle between the common 


perpendicular planes to the two series which pass through 
any half-line (/) in a is constant. 


U m 


u 


Fig. 6 


Let (7, p) be a common perpendicular plane to a and 8 


and (/, p) to « and y. Let (/, 5) and (/, p’) meet the 
plane a’ in the half-lines 7 and w.” ` 


We have seen that the common perpendicular planes of | 


a and y are none of them perpendicular to the common 
perpendicular plane of a and 8, excepta and a.’ 


Now we have 


. eos l'im Ur me. for the half lines /, V, n^ lie 
in a three-space. , 


| px A l ; r ^ 
(0. ButWisa — pele es also is pip. in^ gle. 


rs - 









ong, T — — * 
x | ie fo wq tV 
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Fea the dihedral angle is measured by its opposite face 


angle Line’. 


AN 
But the angle Zm” is constant.” 


A 
= The dibedral angle / mu’ ts constant for all posi- 
tions of the half-line (/) in a. 


Note -—If the constant angle vanishes, the series y ts 
not different from the series 8. In that ease Band y belong 
to the same system of isocline planes with a, and they 
have a common perpendicular plane. And since the 
plane a is determined by any two balf-lines in it and the 
above remarks apply equally to the other half-line » in a, 
we obtain the following theorem as a corollary :— 


Corollary :—1f a plane a and two isoclines (in the 
same sense) bave a single pair of common perpendicular 
planes, perpendicular to all three, then all the common 
perpendicular planes of a and any of them are perpendi- 
cular to all three and they all belong to the same series 
of isoclines. 


* We have seen in $S that the rectangular system of half-lines 
determining a and o' being rotated give a new system isocline to a aud 
a’, Le. the system P is obtained from A by rotating the lines in a’ 
through a certain angle, Thus the angle lm’ will be the same for the 


sume planes e and a’ 


^. I 





CHAPTER li— Motion in Hyper-space. 


13. Before proceeding to the analytical study of the 
motion in a Hyper-space (of four dimensions), it is advi- 
sable and convenient to begin by investigating certain 
interesting properties which a plane (two-way space) and s 
its absolutely perpendicular plane at any point possess. 

A two-way space (a plane in the ordinary space) may 
be defined in two ways :— 


(1) By any two lines in the plane ; 


(2) By any two three-way spaces containing the plane. 





We have already discussed at some length the pro- — i 
perties of a plane as determined by two given lines Huc Je 
and have defined the direeticn-eosines of the plane sand <3). = 
the mutual relations between them. - di ^ 

— 

Now we shall defire the plane by two threas RAE 

: spaces * whose equations are— | [AMA AR bre 
à SERE 
E. Cab am. Ir tl, = = 
- : Ux, Flaga Hl ata +l, rn =0 l m 
* d o Fam 
YE * A The quantities d Ey... 5 3 EL , ge sew are proportional t 
S. Ew the —— of the normals to the t o R — = 















— — GU, — 
humus yt Va Slp x 


Ts = = * 





p «ut, 


ni 
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We have denoted these functions respectively by— 
Dopo tres 6 Wear ~ Dg Zi Bias Se 
These six quantities are connected by the relation — 
L,."-FL,,*-L,,*4 L.,.*-L,,*-L,,*-—sin*6 
^ —]1—(47, - Os + lala +4", 
where 8 is the angle between the two normals (1). 


Further, by considering tbe following identically 
vanishing determinant. 


sy | rer a A 

=Q 
Mist Allee PRED F 
E. P p vU. 


we obtain the relation— 


— 


Ed b 00 — ER) 


Thus, the six quantities L,./sin 6, L,./sin 6, ete., are con- 
nected by two independent conditions (1) and (2). This 
ix as it should be; because a plane through the origin is 
determined by four constants. 


y If we put a, %, c,,/, 9, 4 for the quantities L, ,/sinĝ, 
ete., we obtain the two following relations :— 


- 


| a* +b" +07 +f" JE 
4 8& af 4- bg 4- ch =0 


* i These quantities «, 4, c, f, 9, À we have called the - 
— - **gireetion-cosines " of the plane determined by the two 


GS 2.551 





4 "a 
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normals (7,,4,; £4, ¢,) and (7,5; 23°; £5; £,).* At these 
six quantities are multiplied by a constant (say) £4, the six 
quantities £a, &^,... may be called the “six co-ordinates " 
of the plane, corresponding to the six Plückerian co-ordi- 
nates of a line in three dimensional Geometry. 

14. If there are two pairs of three-way spaces such 
that both the three-ways spaces of one pair are perpendi- 
cular to the three-way sj aces of the other pair, the plane 
determined by the first pair is absolutely perpendicular to 
the plane determined by the other pair. These two planes 
have in eneral no line common. 5 


Let the two planes be defined by— 


a) es 

Uo, +e, MU, m, RU I =0 e * N 
in Les +i ta +m yr, —O . : 

(2) : > 
me’ 0, Ran! aeu ET ETEL — 

If the two planes are absolutely perpendicular, the — 
three-way spaces (1) are- j erpendicular to tbe three-way —— 4 

— spaces (2), or in other words, one plane is defined by the <r 






normals in (1) and the other by the normals in (2). <The- CAR 
direction-cosines of tlie two abs.lutely perpendicular planes | eT. 


have simple relations which we proceed to pág. s b E 
y The condition of perpendicularity — u 
— - following map is A | T 
et =+4 — 4-4 s; 


= Lm,—0; EN oS PM 10; X v =0. 
S gi J t= : vA z | i=l — I 3 | * 


_ * These have been called by F. N. Cole “ "the direct 


the plane determined. by the two — 
Mer Mathematics, Vol. X11, 1890. — k. 





mo 
e 























Set a 
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From these equations we deduee the following by 
simple algebraie operations :— 


L,.m,.-FL,,m,--L,,m,-—0 
LL, om’, +L, m'a AL, m0, —0 
, d ra a 
L,,m',—bL,,m »— Lym’, =0 
3) 


Liami +L, ,m’,—L,,.m', 0 


Liem, +L,,m,+L,,m,=0 


— — ——— — — € — —— — — 
" 
, 
— 
— 


L,,m',-L,,m',--L,,m',—0 


From these again the following relations may be 
deduced, in which M,,, Mis Mio Mas, Maas Ma, 
denote functions analogous to L}, ete. 


L,,M,, 4 L,,M,, —0 1 L,,M,,-4-L,,M,, —0 | 
L,,M,,—L,,M,,—0 | L,,M,,—L,5,M,, 0 4 
L,,M,,+bL,,M,,=9 | L,,M,,—L,,M,,—0 | 





"ALIM ^ D,,M,, —L,,M,,—0 L,,M,,—L,,M,,=0 : 
a n M, -— I35M,,;  M;,&— pM. $ 
> | iz 
j er los Magii Misy M,,:; 
13 is 
| rA L 
? - Ma. Tn A. e ee A T A Mus ete, 


2., we have the following five relations :— 


m 


ne fit Maes — M, rt May. 
D E mi. 

L 
COM cid My, might M, 
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But AM. y =sin* 6' and ZL, X s zn? 6. ^ ; 
A sin? p —-v 12 *+L,,” +L,,* +, 1 — Mp HM," 7 


Dia” 


- 
* 


—_(l,.*+h,,'+l,," Eusa ttle + L,.,* )M,,* 
à; PS . 


— it? 8; ME, * 
xem a 













iig 
or ESP m Maa" < b vs = XM, hs. i 
sim? 6 sin? 6' sin 6 sin 5' . 


Taking the positive sign we have— 





L, — — M, * * L, M | | 
sin Ó sin 6 sin Ò re üiné |. 
x + e 
L, i= M, * Ly, = M,, 
sin @ sin & -sin 6 sin 
L M L M 
E —— SS at = f 
| sin 6 sin Ü' sin 6 sin 


| Tf a, b, c, f. 9, h, and a’, b', c', f', g', Al, be the | 
MER. cosines of the two absolutely — planes Qu yi 


E - — A & b $ 
F 2 | = d (2272 
— | — and ow a 
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Thus we see that if a, 4, c, J, g, 4 be the direction- 
cosines of a plane, then /,—5, 4, 4,—4,¢ are the corres- 
ponding* CREED DOGS of its absolutely perpendicular 
plane. 


N.H.—lt is to be noticed here that the plane in (1) 
is determined by its two normals Zand //, or by two 
lines mand m” which lie in it; so also the plane (2) is 

* determined by its two lines : and /’, or by two normals 

m and w. In fact, the two planes being mutually 

absolutely perpendicular, we may consider them as deter- 

- mined by the lines (7, 7’) and (w, m^). Thus follow the 
| results we have already obtained, 


. 15. The condition that the two planes will intersect 


», Nas N a line is obtained by expressing the fact that the four y 
three-way spaces have another common point besides the 
- origin and this gives— - 
Ho 04, Ls L, 
à TP Y b. LE. P. P. ae | 
— m, nts "ma T, 
E = , , , , 
E Pa Re T. Th. 
P or, expanding the determinant in terms of minors of the 
— second order, we obtain at once :— 
vr. L,4.M;,,-L,,.M,.-L, Mas t Lus. M,, 
tw +L,,-M,,+L,,-M,,.=0. 
! 


A E Thus, two planes whose direction-cosines are a, 4, c, f, 
— h; ; a^, 6’, e ,... will intersect in a line, if 
— paces, “AF FOF FR +a f+ 0g cA — 0. 


eph men to Plucker’s condition for the intersec- 


é 
* XC 





I * 
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16. Consider the planes o, determined by the lines 
(4, 77, and 8 determined by the lines (m, m'). The 
direction-cosines of these planes are as before represented 
by L,,, L,,, etc., and M,a, M,a, ete. If 8 intersects the 


plane a’, absolutely perpendicular to o, from what has 
been said above it follows that— 


M,;..L,,--M,,.L,,--M,,.L,,-- M, L,, F 
` | + Mo4-Lo,+Mg4-L3,=0. "7" 
Hence, if the direction-cosines of the planes « and jf are 


proportional to a, 4, c, ete., and a’, 4’, c', ete., respectively, "ME 
and 8 intersects a^ in'a line, we have 


aa’ + bh’ + cc -- ff" +99' +hh' — 0. — M 
Henee, if 6, and 6, be the minimum angles between a and NR 





B, we have cos 6,.cos 6, —0, which shows that the planes — 
a and B are simply perpendicular to each other. * x 
This is quite analogous in form to the condition of E — 
perpendieularity of two planes or lines in tbe. wam —— 














17. If a plane a 


absolutely — lane m 








of ew — 
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These symmetrical results show that the plane 8 
intersects not only the plane a, but also its absolutely 
perpendicular plane a’. The relation between the planes 
a and 58 isa reciprocal one and the above relations say 
that a and £ lie in the same three-space and are perpendi- 
cular to each other. They intersect in a line, as also do 
their absolutely perpendicular planes, and further each of 
the planes intersects the plane absolutely perpendicular to 
the other and rice-rers’. Hence, any plane intersecting a 
plane and its absolutely perpendicular plane is a common 
perpendicular to both. 


Note.—Cole has defined two such planes as simply 
perpendicular planes. 


E 18. Rotation in Hyper-space.* 


Consider the effect of changing the directions of axes 
(without changing the origin) in a Hvper-space of four 
dimensions. Let h (1, 2, 3, 4; e=), 2, 3, 4) be 
the direction-cosines of a set of new rectangular axes, 
referred. to the original system. If (#’,, «",, #',,4’,) be 
7 the coordinates of a point referred to the new axes, we have 

the following formulae of transformation :— 


i " xa) (2) (3) (4) 
— — vg tir, ] 
"T qn (2) (3) (4) 
F, ; D'a = aUa Fleet atas Fiat : 
KA * | zo 78 (3) (3) (4) e 0) 
nen] at. mm, opel, na tls ts TS n, 


4 1) ti (3) (4) 
a SP E 







* F. N. Cole's Paper— Amer. Journal of Math., Vol. XII, 1890, 


"^ o 

— 
> 

asi 
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These sixteen direetion-cosines are connected by the ten 


following equations — 


‘— T. ($ ) 
X (1'")*-1; P CE A 
i=l f=! 
iW Os] — (4) Ta | 
s=] i=] 1 
ri) 
e+ x œl : — 
32; 1, me 3 1, 450p 090—509 1 03 HIT. 
r=] i=] a=] 
l 
= 4 (= 4 i 4 
X 4 QU L0, 3 L6 920. $ 1,0, Mae: | 
i=] i=] i= J 


If we apply this transformation to the equation of the 
Hyper-sphere, namely æ, * +c,” +r,” +e,” — R*, the equa- 
tion remains unchanged in form, ¢.¢., it becomes— 


ey 2g? +’, * +4’, P= RS, 
in virtue of the relations (2). 


Now, instead of changing the directions of axes, we 
might as well eonsider the Hyper-sphere rotated about 
the centre (origin) into itself. This enables us to view 
the subject from a different and more general standpoint, 
namely,—that of orthogonal transformation. 


Consider the following general transformation :— 
2, 4,0, +4, 0%, ba cy +e, n +4, 
M". —b,.e, HOt, +b, rs bun, b, 
4a moa, dC ag. ec un. HO, m, He, 


gd, oy +d ry dun, +d, e,+d, 


oo 4 - - pro d PS 2 ay A i 
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If the origin is to remain unchanged, we must have 


acp mp SE. Jg 


if the transformation is orthogonal, the Hyper-sphere 
transforms into itself and we have 


a,*+6,*+e,%7+d,*=1 
. a,” 4-b,* 4-c,?* +d,” =l 


a, * +b, * +e, * Hd? —1 


a,4,+6,6,+6¢,¢, +d, d, =0 
(3) 
a,a,+6,6, +e¢,¢, +d,d,=0 


> 
a, +b,” +e,” +d,” —1l 
a,a, 4b, b, HOC 44d, =0 | 


iG, +b,b, FCC Edu d, =0 
aa. Mb b, +e,¢,+d,d,=0 


aaa, dO b. b, +e,¢,+d,d,=0 J 


Thus it appears that the constants involved in the 
above scheme are proportional to the direction-cosines used 
in the previous scheme. Since the sixteen constants are 
connected by the ten equations of condition (3), it is pos- 
sible to express them in terms of six independent others, 
and the rotation about a point consists of œ” different 
= operations. 


Prof. Cayley* has given a method of expressing the 
n? co-efficients of orthogonal transformations in terns 
-. —À a 
. of (Qu. —1) independent constants. In the present case 
M. ^ m-—4 and the number of independent constants is 6. Call 
* — 


them a, Ü, €, S54 A. 


we 
be te 
v 

, 









* Cayloy—Crelle’s Journnl, Vol. XXXII. 
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Then the 16 co-eflicients may be expressed as follows :— 
ka, =1— A* +f? —a* +g*—b* +h* —e? : | 
=1+/*+9*% +h4*—a* —b*—c*— A*. 
ka, =2(a+ Af—bh+eq) 
ha, =2(b+ Ag—cf+ah) ] 
ka, =2(c+ Ah —agcbf) — * 
kb, =2(—a— Af cg — bh) 
kb, =1+f? -b* +c* —a* —g* —h* — A* 
kb, =2(h+ Ac fg—ab) 
b,—2(—gy— Ab+hf—ac) 
kc, —2(—b— Ag—ef+ah) 
ke, =2(—h— Acc fg—ab) 
ke, =1+g* +c? pa’? —b* —4* —f* — A? 
ke, =2(f+ Aa+tgh—be) - — 
kd, —2(—c0—hA +hf— ag) ‘ihe oie — 
kd, =2(y + Ab+Sh—av) bur ee a E 
= dd,—9(—f— Aa-ghube) ` "P 
kd. (mV at bt me fih A 
= — BE | 
Ember ka 4.2 


- 










9 L 
—* IX — 


on the 


NM" w-— uw 
i 
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for x',, s, 4, ©, in the scheme of transformation), 7.e., 


they must satisfy 
(a, —1)r,-ra,2,4-0,*4 tar, —O 
b.c, 4G, — l)re Hör, +6, 7, —0 
City beer, + (04 —1) 0, ter =0 
dir, +d r,+d,0,+(d,—1)r,=0 
These equations are satisfied by the values (0, 0, 0, 0) 
of the variables which of course correspond to the origin. 
If other points are to remain fixed in the transformation, 


the equations (1) will be satisfied by values of the 
variables different from zero, and we shall have 


a,—l (t. (E s (t. 


=() seo CB) 


If in this determinant we substitute the values of «a’s 
ps, ete., and simplify, 1t reduces to A*/£. Thus the deter- 
minant does not identically vanish, and the vaoishing of 
the determinant requires that A=0 or af+dég+e4=0. 
Hence A=0 is the condition necessary for the existence 
of points which remain fixed in the transformation. 


: Ad When the condition A =0 is satisfied, the four equations 
|». — (1) reduee.simply to two independent equations :— i 


3 (—a" —b* — 6c? )r, + (a—bh 4-04) n, Cb —cf ah )r, 






+(c—ag+bf)r,=0 
(apeg bhe, + (—a* —g* —h* )r, + (h+fg—ab)-, 
^" ii. = oS ei aa 
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Thus the points of the plane determined by (3) remain 
fixed after transformation and the rotation like this in 
which a plane remains fixed is called a ** simple rotation. 

The functions L,,, Laa, ete., determined by the two 
normals to this plane are found to be a*k?, abk’, ack?, 
afk?*. —agk?, ahk*, where k—14-a? 4- b* T6? +f -BFg? +A". 


Consequently the direction-cosines of the plane are 


proportional to f, g, h, c,—b, a. 
Hence we see that the six independent constants used 
in the transformation are proportional to the direction- 


cosines of the {xed plane of the rotation. 


20. This tixed plane is not only converted into itself 
but its individual points also remain fixed, and we say 
that the Hyper-sphere rotates about this fixed plane. "This 
plane is called the “aris plane” of the rotation. In faet, 
all figures in a Hyper-space of four dimensions may be 
rotated about some plane as the axis-plane. 

The plane absolutely perpendicular to the axis plane 
is converted into itself, but its individual points do not 
remain fixed. In fact the absolutely perpendicular plane 
rotates through a certain angle about the point where 
it meets the axis plane, /.e., the origin. This angle is 


called the “angle of rotation " for the transformation of 


LÀ 


the Hyper-space. 


We have seen that the Hyper-sphere ORT E into | 
itself and consequently the circle in which the absolutely. MN 
perpendicular plane intersects the Hyper-sphere is con- - 


verted into itself. Thus the two polar circles * are con- 
— into — og Mot 
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point-Geometry at its centre. In a simple rotation, a 
certain great circle—the axis plane of rotation— remains 
fixed in all of its points; while its polar great circle—called 
the eircle of rotation—rotates or slides on itself. 


21. The angle of rotation : 


We know that a certain plane is determined by four 
conditions. But the direction-cosines of the plane of 
rotation are connected by the relation A>af + òg -- c^ — 0, 
and are therefore equivalen* to five independent constants, 
Thus, one degree of freedom is left to the plane of rotation 
and the angle of rotation is a function of a single constant 


If we take any line (7,,7,, 7,, 7,) in the absolutely 
perpendicular plane through the origin, this line is rotated 
through a certain angle 6, which is called the augle of 
rotation. Tf (/',, Z,, #5, 7,) be the new position of the 
line, then we have— 


cos 6 —l,l', +L l's REUS TUI, 


Now, we can substitute the values of (Zi, 7 ,, 7 a% a) 
iu this from the scheme of $ 18 and thus determine 6, 


Thus, we obtain— 
cos 0—a,1,* 4-5,1,?* --c,01,?* -- 4,0, ? 
T (2, +6, 1,1, 4 (a4 +e, il, +a, FIO, 
4- (5, 4-0, ULL, + (5, +c, lal, +(e, +d, Jl gly. 
sek cos O=(1+f* +9° +h? —a* —b* —c*)l,? 
POF 4-b* --e* —a* —g* —A*) Lu? 
+ (1+ g* +c* +a* —b* — f* —4*)1,? 
+(1+h* +a’ +b*—c? — f? —g*)1,? 
+ 4(cg —bh )0l,L, 4- &(ah — cf )U, la 4-4 bf — a4) ,l, 
4-4 fg —ab)l,L, A(hf —ac)l,L, +4(gh—be)l,l,. 


> 


- 
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where k=l +f Hg? +h? Ha? Rb? +0" 
A —uf + by — 
k cos 6—k —2(a* +b” --c* jl, * —2(a* +97 +h? D1," 


and 


—98(b* +f? +h? ),* — 9 (e* 4 f* +g)? 
+ 4(e0g bh). LL, +4 ah—ef M lS AA(bf—2a9)!,.l, 
+4 fy—ab)l,l, +4(hf—acyl,! VERE Ee 


e b ro be 
If we take a normal to the DRE for the line 
(fis 4s, ss /,), the above expression will give the value of 
cos 8. 


We may take the normal to a three-way space (3) of 
$ 19 for the normal to the plane : 


Then, 7,: ¢,: ¢,: Z, =(—u?#b—*e*): (a—bh+eq) 


(b—ef 4- ah) : (e—ug t+ bf. 
Ac l, — et ) i= a—bh M cg | 
b. m tas À Low. cmt TU 


where P?=(a"+b* 4 c*)(1--f* +y? +h" pat bt pet) 
Substituting these values for l, las la, l, in a we 
obtain, after simplification— | | 
d pes (ato een nit een) pete 





=** 





— — 5 


a S ef y — — 


v 
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where k=l 4 +9? 8h? +0* +h? +" 
or l —cos 6 RJ 2i f* +g" Eh? +a* 4-5* +c?) 
; l+cosð (9 — 


SP ht pe? eh + 
528). tan? ^ =f gt eh at +h ee — (4x) 


This formula enables us to find the angle of rotation 
for the axis-plane whose direction-cosines are proportional 
to f, Ys 4 C = 5, (n, 


From (3) it appears that the direction-cosines of the 
plane may be taken to be 


"J 6 TEA E L | * 6 
fitan E: gitan 9 7 ^ /tan 3 7 
e/tan » —4/tan s , ajtan S 


We may arrive at the same result * from the fact that 
the angle of rotation depends upon a single constant. Let 
Fe I, Aĉ —b, a be proportional te the direction-cosines of 
the axis plane, with the condition af + bg + c^ — 0. 

If Zs E &,—wW,a@ be the actual direction-cosines, 
we have 

figithie: —b:azyf':g': Mic: —b':a' ; 
pa=Ħa, pb, poc, aft, pg —24'. ph. 

SO p*(f*-Eg*--A* pa’ 4-5? +c") — 1, since Xa'* —1. 

Now, if we subject the quantities /, 9, 4, ¢,—4, a to a further 
condition, the plane will be fixed. Consequently, p may be 


* Cole haa obtained the expression for @ from this latter consideration, 
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made to depend npon the angle of rotation, or, we may 


write p1/^f* Hg +h? +a* b? +c" =cot $ a 
, x 5 
n We may take a'—a cot 5° ete. 
Thus. we obtain tan? $ - =f ty? +h’ +a? +h? +e" 


and sec? — ft +g? A? +a*+b* 4e ct. 
Example: Suppose the axis plane is taken to be one of 

the co-ordinate planes, (say) the plane of +, and »,. : 
^. We have amb=me=g=Aae 0. 


Now, if the axes of +, and r, are turned through an angle 
0, since the axes of », and +, remain fixed, the formulae 
of transformation become— 


— — [i - 


"P E a ET —2f a YA Ta 


But, by sonsidering the geometry of the plane Cun 
we have— 


* x',—cos 6. r,— sin 6. x, 


ms =sin 8. Fa + còs B. LU d AL 


_.. Comparing these two forms, we obtain —  — 


» — n aX - 
* * * je Y 
Fite cab, ie Eh. IP Heg 


PESCA, 
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Thus we see that the angle of rotation is determined by 
a single constant /. 


Corollary :—The expression for the angle 9 of rotation 
for the axis-plane 
tix, Hl, tlie, 4M, n, =0 


Ü. Pa +l’ ow, HULP, +l, Pi =0 
is given by 
2 | 
1— L,,— L,,— L,,— L,,— L,,— Li, 


2 oe 2 " » - 
1+ Liet List List Dss + L, , t+ Las 


cos 0 — 


(3) 


22. ‘Two successive simple rotations around two 
different axis-planes are together equivalent to a simple 
rotation, z.e., a rotation around an axis-plane, if, and only 
if, the two axis-planes intersect in a line. 


Let us define the two rotations by the followinz for- 
mulae of transformation :— 


a, "may, t aiaa Faia, 0, | 
(1) 
g" =a ms +a’, — +a’, 30 4 +a’, T se » 
(i—1. 2, 3, 4.) 
and suppose that the rotations occur in the order in which 
they are written. We therefore have 


v" zal, (art Fars Fass +4, ra) 
Hailan i Faaa R0, 0, Faga T, ) 
Hais lasi" Farsta Fasst Faza v.) 
a’, (Gh, Oy Py Fasas Hare") 
=a" Ra" Lun, Ha" Lar Ran" Lun, yes 154 28) 
where as; ="; 1j +a’, $53; +a’, a, pee’, Fes 


(¢=j=}, 2, 3, +.) 





= e 
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Let a, 46, c, /, 2, 4; and a’, 4’, c', £', g', A’ be the inde- 
pendent constanís in the above two transformations and 
a", &". e", I". g”, A" be those of their resultant. 


Also, let A, A' and A" be the eorresponding funetions 
of the two component transformations and their resultant 
respectively. 

Then we have * 


Da" =a+a'— A'f— AF + bh — BN be eg — egy", 


> 
Dif =b + b'— A"4— Ag! +f —c'f+a'h—al’, 
De" =e+e'— Ah Ah’ +aq'—a'g +0 f—by", 
DP =f+l— Ala— Aa! + bc —b'e + gh'—q'h, 
Dg" —q + 7 — A'b— AU +ea'—c'at+ fh fh, 
DA" =h+ —A'c—Ac +al'—a'b+ fy’ —f'a. 
"DA"— ATA +e f+ af bae bg de eh eh, j 
where =1+ AA’ —aa’ —bh' —ec' — ff' ga! — hh. 
It is easily seen that A" —a"p" + b" AS enhn 


(3) 


Now, since each of the given rotations leaves a plane ^ 


fixed, we must have A —0 and A'—0 ($ 19) 









If the resultant rotation is to be a simple one, ie., if 
it leaves a plane fixed, we must have A”=0, and 
consequently, from the last of formulae (3) it follows | at 
we must have af +Æ f+ hg +U g ch! eA 0. But the 

p last condition implies that the two axis-planes should 
L intersect in a line ($ 15). Thus, if the result; ofi ‘ 
và P. Elaes rotations is also a simple — the ne ecess 












»t ations must — — i A ae A — 







— — T. PA , AK os * 
* —— been caleulated by C —Americ n Jon — he] las the. 
m. m, — z^ Pro dc we X P X x ot Tae: tral of Ma UA 
, > l la i J nd di 
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Again, if in addition to the conditions A =U, A’=0, 
we bave further af" + a'f -+4 O, if follows 
that A” =0, or the resultant rotation leaves a plane fixed, 
i.e., it the axis planes of two component rotations intersect 
in a line, the resultant is a simple rotation. 


Thus the resultant * of two simple rotations is not in 


general a simple rotation ; it is a simple rotation when, 


and only when, the axis planes of the two component 
rotations have a common line of section. 


This condition 
is both necessary and sufficient. 


We may therefore enunciate the converse theorem as 
follows :—IF two successive simple rotations are together 
equivalent to a simple rotation, the axis planes of the two 


rotations are in a three-way space; and when they have a 
point in common, they intersect in a line. 


23. The axis-plane of the resultant rotation passes 
through the line of intersection of the two given axis 
planes ; or the three axis-planes are all perpendicular to 
one and the same plane. 


As before, let the divection-cosines of the axis-plane be 


^ 


a. b, Cy fx ; am. b. c, Peirce am. b". a”. f^ on 
Since the resultant is a simple rotation, we have— 
ap E atf by’ by ech + oh =O. 


^ The first and the second axis-planes intersect. 


a * In coutradistinction to the name * simple rotation," the name 
u double rotation " has been given to the resultant of two rotations. 
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Also, | D(af"-- a^ f 4- bg" + b"g E ch" + ch) 
—(af +a f+ bhif+- bhf efg—cfg') 
+ Caf taf +4 abe! —ab'e + ag! — agh) 
+ bg b'g + cf g— efg t a'gh— agh’) | 
+ (bg + bg! + a'be—abc! + bf h — bfh) 
4- (ch AP e'h 4 ag'h —a'gqh A- U' fh —bf'h) 
+ (ch + ek + ab'e—a'be4- efg —cf'q) 
=2( af + by + ch) + (Caf + a! f + bag! + b'g+ch'+ch) 
UU. 


^C The third axis-plane intersects the first one in a line. 
Similarly, a'/" + 04" + c'A" pHa" F' 46097 +e°A' =0. 
Thus the three axis-planes intersect two and two in a line. | b, 
4 
If these planes have one other point common besides 2 
the origin, they intersect in a line. er 
Let (A,,A,,4,,A,) be the line of intersection of the —  — 
planes. , ] * E 
Then, SA, —]1t. ZA, =0, ZA,m, =0 ge 
SA, mm’, zs, ZA n; =0, ZA,»', zz. | "x n * * 
By eliminating Ai» Aes ^4, ^, in turn from 3 
tions, we obtain four equations of condition =, 
eL eliminating A, from each pair we obta n 


« — A ms AX MENT 
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f 
Sumilarly we obtain ye ef [==0 25 VELA) 


c a iJ f 9 li 
| 
c' a d j=0...(3); T o UE =0 s ( 4) 
t | c" a” g” | T of” A" 


If theses four conditions are satisfied by the direetion- 
cosines of the three axis-planes, they all have a common 
line of seetion. 

But if these conditions are not satisfied, it is possible 
to determine six quantities a”, A", e”, f°", Y”, W” such 
that they satisfy the following seven relations :— 


aj" Ae ba" + cb" + fa” + gb +4 he" =0 ^) 
aa" 4e bU" + ec" Ae ff" + gy" + hh =O 





a! f" 4- pu eh + fa” i g'h” 4- | rads — {) l 
a'a" Abb" +c’ PP ga" ehh AA 
a" f" bg ae h" + fal! 4- gb" + tnt =0 





un 


a" a" A- bL" ae ong] ae Pg ETE =O 
a" f" eg + LIU =O. 
Hence, the three axis-planes either iuterseet in a line 
or are all perpendicular to one and the same plane. 
-.94. To find the resultant of two simple rotations 


whose axis-planes are absolutely perpendicular to each 
other. 


x Let the direction-cosines of one axis-plane be L, s, Lias 

L, pœ Djs, Dra Ds and consequently those of its abso- 

— lutely perpendicular axis-plane be L34, L,,, bes, — J 
Led 
apto 
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Then the constants of transformations are given by 
a=k L,,,6=k L,,, — Lh. fk LD-—gk Lu. 
hn. 
and az i L,,, GER L,,, CER Les, PEK Uae, 
g-—k hi, VS Lis 


where k and i’ are any two multipliers. - » 
Then. A"-af'--a'f -- bg! +b’ g 3- ch 4-e'h , 
` — r^ ` 
=k (G +b tnt NEED ES a4} 3 
== kk: e 


D —1-—aa'— b — ce! — ff —yq' —hh 
-1—2kA'| Lss, +L, ah, ot Lay Ly, i 








=l, since L,,.L,,L;,LD..L,,.L,; —0. a 7 » 

Also, * A=A'=0;. — ee 

< We a" =a pa'p bi = —b'h + og —ey' , E | : — E 
=a+ a MU bua m Lus os E P EE sl Ped 

" =a 4a =k Li tK Dye | ES 
Similarly, . U=b+i'=b L540 La. 0 — i 






gms etc. etc. | É a ory | 
4^ k - * i # 
Tes © From the above values of a’, 4”, œ de it app 
* that they are symmetrical as regards the elements of t the 
— two —— MINE may v enunciate the: follov wi * 
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25. We have seen that in a simple rotation the 
Hyper-sphere is transformed into itself. Therefore, 
when it is rotated successively around two absolutely 
perpendicular axis-planes through its centre, it will he 
transformed into itself. ‘Thus, we obtain the theorem — 
Any position of a Hyper-sphere ean be obtained from any 
other position with the same centre by a simple ora 
double rotation.” 


Parallel motion :— W hen the two rotations of a double 
rotation are equal, if is a parallel motion. corresponding to 
an isocline rotation t at the centre of the Hy per-sphere. 
In a parallel motion all great circles parallelt to the 
circles of rotation in the sense of the rotation rotate on 
themselves, and the motion can be regarded as a parallel 
motion along any polar pair taken from this set of circles. 
The motion can be regarded as a parallel motion with 
regard to the set of circles without any reference to the 
axis-planes or planes of rotation. 


. 26. We have seen that a Hyper-sphere can be moved 
freely on itself, which readily follows from the fact that a 
Hyper-sphere is always converted into itself by a simple or 
a double rotation. Consequently, if we take a portion of 
its surface (which is of three dimensions) and move it 
freely along the surface, it will always wholly coincide 
with the surface itself. Therefore we can say that a 
Hyper-sphere is a space of constant curvature.$ If the 
space in which we live were a Hyper-sphere in Euclidean 
space of four dimensions, we should realise what is called 
the Elliptic Geometry. The Elliptic Geometry assumes 


* Manning—loc, cit. Th. I, p. 219. 

t To be explained later. 

f Clifford—Proc. London Mathematical Society, Vol IV (1873). 
- $ Gauss—Coll. Works, 
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that our space is a space of constant curvature like a 
Hyper-sphere, and not a space of no curvature like a three- 
way space. ‘The Geometry of the Hyper-sphere is found 
to be the same as the Double Elliptic Geometry.* We 
shall take up the subject of curvature of surfaces on 
another occasion. 

24. The motion in Hyper-space is completely deter- 
mined by that of its four non-coplanar points; /.¢., if we 
are given any two positions of a figure such that one can 
he obtained from the other by a motion in Hyper-space, 
then, any motion in Hyper-space which brings four non- 
coplanar points from their first. to their second positions 
will earrv every point of the figure from its first to the 
second position, 


For, each point of the three-way space determined by 
the four given points comes to its second position by this 
motion ; and any point which does not belong to this 
three-way space remains at the same distance from it, 
on the same side of it, and with the same projection 
upon it. Therefore it must come to its second position, 

Or, we may prove it by the analytical method as 
follows :— | 


Let the motion be determined by the following trans- 
Formation scheme :— 
on" =A ir bai. hy ta, st, ta, aT +a,, 


(*=1, 2, 3; 4.) 


The scheme involves twenty independent constants, 


The coudition that any four points transform to four 


others is equivalent to sixteen relations among these con- 
stants. Further, the fact that the four points are non- 


coplanar supplies four additional conditions, namely, —the 


. Mapning— Non-Enclidean Geometry. 
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conditions for the constancy of the mutual distances of the 
four points (non-coplanar). Therefore, the twenty constants 
are connected by twenty equations of conditions and can 
therefore be uniquely determined. The seheme is there- 
fore unique and will transform any point to the corres- 
ponding point in its new position. 


28. If after a motion in Hyper-space, three non- 
collinear points of a figure remain fixed, then every point 
of the figure with remain fixed, or will he rotated 
through a certain angle around the plane of the three 
points. 

Suppose the origin is one of these three fixed points. 
Then the scheme becomes— 


: t 
a p— Gyr, Fasta tasa tara 3 


A^. Tb, JW Tb, "sb. m, Tor. 
Vu (1) 


A s ~f j» ù "1-64 re Cy Ua TC. rs 


T— BD m um 


aa md,m,-Fdor,-Rd,r, Fd o. | 


If besides the origin two other points remain fixed, we 
must have the following equations satisfied by more than 
one set of independent values of the variables : — 


(a, — 1l) r, +a," tare tale, =O — 3 

b,2,+(b,—1) re thy, tbr —O | 
Cityt’ t(e,—1) rate, r —0 | 
d,x,+d,r, +d, ra +(d,—1) r, =0. 


(2) 


Then, each of these equations may be an identity, and 
in that case, we must have a, =1, 6,=1, c4,— 1, d =1 and 
all other coefficients zero. The scheme becomes «, =<’ ,; 
Ta =T 3, Ty =T p and r,=2",, which is a scheme in which 


all the points remain fixed. 
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If the equations in (2) are not identically satisfied, we 
obtain after eliminating the variables the condition that A 
should be identieally zero. This case we have investivated 
in $ 19, and we have seen there that the transformation 
amounts toa rotation about the plane determined by the 
equations (2), which evidently passes through the three 
wiven points. 

29. If after a motion in Hyper-space, two points of 
a figure remain fixed, then every point of the figure remains 
lixed or is rotated through a certain angle about a certain 
plane passing through the points. 

Supposing that the origin is one of the fixed points the 
scheme of transformation is given by (1) of the previous 
article. If one other point is to remain fixed, equations 
(2) must be satisfiel by values other than 0, 0, 0, 0, Then 
we must have either the coefficients in (2) separately zero, 
in which case all the points remain fixed after transforma- 
tion, or A =0, and this determines a rotation about a 
plane through the points. | 


Corollary :—1f after a motion in H y per-space, one point 
of a figure remains fixed, then every point of it will remain 
fixed or will undergo a single or double rotation. 


This follows from the scheme (1) of $ 15. . 
30. Rotation in a Hyper-space of r-dimensions :— 


From what has been said above it is easily seen that we 
can generalise the theorems and can extend the formulae 
to spaces of any number of dimensions. "The scheme of 
transformation for any r-way space contains 7(r+1) 
constante. The absolute. terms will vanish if the origin 
is to remain fixed after transformation. The scheme then 


contains 7? independent constants which, according to _ 


Cayley’s formulae, can be expressed in terms of M(r—1) 
others, If other points besides the origin are to remain 


" 









B, we have 
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fixed, a determinaut of the rth order of the coefticients 
must vanish, whose value can be determined in terms of 
the 47(r—1) constants of transformation. In general, 
other points of the r-way space do not remain fixed, but if 
this determinant A vanishes, other points remain fixed 
and all these points determine an (r—2)-way space, which 
we may call the axis (r—2)-way space, ¢.¢., in this 
motion the (r—2)-way space remains fixed and all other 
points are supposed to rotate about this (r—2)-way space 
as fixed. The constants in transformation may be shown to 
be proportional to the direction-cosines of the (r—2)-way 
space, if we extend the notion of direction-cosines of 
a &-way space and define them to be the “ cosine-products " 
of the angles between the 4-way space and the axial 
h-wavy spaces. The number of such  produets is. 
rC, ,rC,-—41r(r—1) and these are proportional to the 
constants in transformation. 

In the same way, we may widen our conceptions and 
obtain formulae corresponding to rotations in Hyper- 
spaces of any number of dimensions. I 

31. Planes isocline to a given plane:— Let a and 
B be any two planes intersecting at a point O. Let /Z, m; p, 4 
be the minimal lines respectively in these two planes, so that 
the planes (/, p) and (m, 9) are the two common perpendi- 
cular planes to a and £, and they are absolutely perpendi- 
cular to each other. 

If # and @ be the angles between the two planes a and 


t 





^ UA 
/p —6 and my =6". 
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Since the planes (7, p) and (m, 4) intersect the plane a, 
they both intersect the absolutely perpendicular plane a. 
Let ” and wm’ be these lines of intersection with the 
absolutely perpendicular plane. Thus we have a system 
of four mutually perpendicular lines (/, m, 7, m') Any 
three of these determine a three-way space perpendicular 
to the fourth. Without disturbing the fourth we may 
permute these three in a cyclic order by a rotation about 
the line in their three-way space equally inclined to them. 
In this way we obtain twelve different arrangements of the 
four lines. The system is said to be congruent * to itself 
inany of these twelve arrangements. But if we rotate 
the system of three in the four-way space about a certain 
axis-plane, the fourth line will be disturbed and the — 
system will not eompletely oceupy its former position. 

For instance, if we take the plane through Z bisecting the 

angle between / and m as the axis-plane, the direction 

of »' will be reversed, if we rotate the system through k 
150" around this plane. In fact w° will occupy a position | 
symmetrical with respeet to the three-way space of 
ll m à 


Then, 5 makes with a angles ô and 6 and thereby we wy 
associate a sense of rotation in 6 corresponding to the ' 
order Z, m, /.e., a sense of rotation which turns p through | 
90° to the position of 7. When 0=0, B is isocline 
to a as wellas to a’ By giving different values to 
6, we obtain an infinite number of planes isocline to a and - 
a ' and to one another. All these planes are perpendicular — 
to (/, Pr) and (m, m) and are called a series of isocl ine es, X 











* C. J. Koyser,—* Concerning XE and angular) pres 

3 planes in four-space."— Bull. of the American Math. Soc., Vol. 8; — 
un - L Stringham—On the Geometry of planes, ete., — rd 
| American Matb. Soc., Vol. 2, 1901. e 





P; 
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planes. The planes (7,7') and (;»,»4') are mutually absolutely 
perpendicular and also isocline to each other. Thus we 
obtain a series of planes isocline to (/, 7") and (m, m’). This 
latter series is called * a series of isocline planes conjugate 
to the former series," It is to be noticed that the planes of 
the one series are all perpendicular to the planes of the 
conjugate series. 





32. Isocline rotation :—There are other systems of 
planes isocline to the plane a. Apply a rotation to the 
system in which the plane a remains fixed; d.e., let us 
rotate the system around a asan axis-plana. Then the 
plane a’ turns on itself through a certain angle (angle 
of rotation), f.e., the lines /' and w’ are rotated through a 
certain angle. Denote by / and w” these lines in their 
new position. We obtain iu this way a new system of 
isocline planes corresponding to this new arrangement, 
together with a corresponding conjugate series. The latter 
series of conjugate planes are all perpendicular to 277 
planes of the new series, but not to any of the former 
series except a anda.” We may here establish the following 
theorem :— 


Theorem :—If a series of planes, isocline in the same 
sense to a given plane, is rotated around the given plane as 
axis-plane, they still remain isocline to the axis-plane and 
the conjugate series are turned through the angle of rota- 
tion about the lines in which they intersect the given 
plane. 


Let us take the series of planes isecline in the same 
sense to the axial plane of «+, and «,. Let (Z, m) be the 
minimal lines of a plane of the series and (2,, #,) those of 
the axis-plane, and let the minimal planes* intersect the 


* Cf. Ana. Geo., Part I, § 33. 
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plane (ra, r,) in the lines 2’ and m'. Then tbe plane 
(l, 2’) belongs to the conjugate series. In the rotation, the 
axis of +, remains fixed, while /' is turned through a 
certain angle @in the plane (#,, v4) to a new position 
/", Let pandg be the new positions of / and m. It is 
required to prove that (p, 4) is isocline to the axis-plane 
and the plane of (»,, p, 7") is perpendicular to (7,, #,) and 
the angle between this plane and that of (c, Z7, 7^) is 6, 
i., the angle of rotation. 





ausis M MY i | l= * 2f 


l+ 


—2f le 


qa 
TFP gqpye 


Evidently, the lines /’ and ware the axes of x, and x, 
respectively, ‘The direetion-cosines of 7 and m- may be 
taken to be respectively (/,, O, Za, 0) and (0, ma, 0, m4). 


If / is a point on the line /, it is transformed into a point 
p on the line p, where kp, =«', =, ; kp =s g =r —0. 

—— E 1— sept Tc 
kPa =t a = IFP 1, ; ond kp, =.’ m YA 4 a» Where k is 


arbitrary. 
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^ The direction-cosines of p are proportional to— 


Similarly, those of the line g are 


af — ft 
2 ( 0, m,, — Whe, Pam, ) 


^ The lines p and g are mutually perpendicular, as 
can easily be verified. 





Also, the planes («,, p) and (ca, 4) are perpendicular 
to the plane (z,, x4). 


Thus («,, p) and (+,, 4) are the minimal planes of 
(2; Ta) and (P, q)- 


^ L, 
COS pr, = — — 


Ver COR etras 


— 


=} > since /,*-+-/,*=1., 


Similarly, cos qc,=m,. 
But (L, m) is isocline to (Ois a. ). os = "M y 


Hence also (7, 7) is isocline to (ci, ra) and the 
sense is also the same. Thus the plane (/, m) remains 
isocline in the same sense to the axis-plane even after 


rotation. 
P Again, the angle between the planes of (7, »,) and 
D (p, *,) is given by— 
— GUp)—(Lei)(pei) 
— (he, ][ pe] 
— 
Sas 





52 ANALYTICAL GEOMETRY 


-— Qu 
or, cos >= Eu ec Pac - ^ where A —lLe,. 
" 17, 
1 
Tes vct bs 
Now, (p =F," Wu ta 


(9 + i—f* T fx ey M 


aT l -4- f? j ; ED EIS: . 
COS d — ————— — — — Ff? 


= cos 6, where 6 is the angle of rotation. 


Therefore, the angle $ being constant, the conjugate 
series are turned through the same angle 6. 


It is to be noticed here that the conjugnte series a— g8 
and the conjugate series to a—y have one and only one 
pair of common perpendicular planes, namely a and a’, and 
these two series are isocline in opposite senses. This can 
be proved as follows :—If the two series are to have a 
common plane, that plane must be isocline to (Z, r,) as 
well as to (p. «©,). Let such a plane intersect (7,, »,) ina 
line ‘a’ and d im^) ina line *2,' 4 lying between Z and Z7." 


^ ^ ^ ^ ^ 
Then home i and «,a=/"4. Thus /'z 4", so that the 


line 4 bisects the angle between /' and 7”. ‘The plane (a, 6) 
is then isocline to (7, ^,) in a sense opposite to that in 
which it is isocline to (p, »,). 


Hence the two series are aye to the plane (a, 6) 


through the bisector of the angle 72 and also to its abso- 
lutely perpendicular plane (4'7). It further appear 
that the planes (:,, x,) and (Z, m) are the only pla n "s — 
which are perpendicular to both the series and also to the 
common pair of planes (a, 4) and (a’, 4). | 
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Thus we obtain the theorem :—If two planes are 
isocline to a third in opposite senses, the three planes have 
one and' only one pair of common perpendicular planes. 


From what has been said above, we may at once 
deduce the following as a corollary :—If two planes are 
isocline to a third in opposite senses and make the same 
angle with it, they always intersect. For, the planes (7, 7,) 
and (p,#,) which are isocline to (», 7) in opposite senses, and 


make the same angle r,a with it, intersect in the line 7r, 
on the plane (£, ro). 

33. From the preceding article it is easily seen that 
the planes (7, m) and (p, 4) are isocline to each other in 
the same sense in which each of them is isocline to the 


plane (,, »,). 


For, (ip) =f, 2. iA 44,* and (m4)—m,* + ip". 3 
Also, L =m, and l,—m, 


n p) (m4) and consequently the two planes are 
isocline and in the same sense. 

We may prove this theorem geometrically as follows :— 
Let the two planes 8 and y be isocline to the plane a in 
the same sense. Then, 8 and y have one pair of common 
perpendicular planes and let them intersect 8 and y respec- 
tively in the lines /, 7/' and mw, m’. 





Fig. 9 
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A A . 
Now, //' and mm’ are two right angles in the two 


planes £ and y. In the planea take two lines p and 
p', such that (7, p) and (/', p’) are two common perpendi- 
cular planes to a and 8 ; and let g and g’ be two perpendi- 
cular lines in y, such that (p, 7) and (p, q’) are two 
common perpendicular planes to a and y. 


A 
Thus /p=the isoclinie angle between a and 5, and 


pq =the isoeliuic angle between a and y. 
EHE ^ A A, 

Now, since /l' and »m' are right angles, pp’ and gq are 

A 
also right angles, Therefore mg = m'g". 

Since B and y are isocline to a in the same sense, the 
two planes (/, p) and (g, p) are inclined at a constant 
angle, so that the angle between (/, p) and (p, q) is equal 
to the angle between (7, p“) and ( »', 7^). Now, consider 


A^ A A A 
the solid angles /pg and 7/p'g'. We have lp=l'p', pq p'q' 
and also the dihedral angles along p and 4 are equal. 
i A A 
The third face angles /7 and 7'7' are equal.* 
Again, consider the solid angles ¿mg and /'m'g'. We 


A^ AN pb, eg a 
have mg=m'q and /g—/ 4 ; also the dihedral angles along 


mand m are right angles, 


Therefore, the angle —— Un’, t.e., the 
planes 5 and y are isocline and in the same sense 
as to e. For, if not, a and £, being isocline to y in 
opposite senses, would have with y one pair of common 
perpendieular planes perpendicular to all three. But 


* This can be deduced as a corollary from §. 27, Ana. Geo., Part I. 
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B and y being isocline to ain the same sense have no 
common perpendicular planes with a, unless they belong 
to the same series of isocline planes. 


N.B.—W hen we say that two planes are isocline to a 
third, it is understood that they do not generally belong to 
the eame series of isocline planes. 


The above theorem may be stated as follows :—If two 
planes are isocline to a third in the same sense, they are 
isocline to each other in this sense also.* 


34. <Any plane polygon is similar to its projection on 
an isocline plane. 


Let the two planes intersect at O ; and A and B be two 
points of the polygon. Let A' and B' be the (orthogonal) 
projections of A and B respectively. Then, we have two 
triangles OAA’ and OBB’. ‘The planes being isocline, 
¿Z AOA'— 4, BOB’ and Z AA'O— Z BB’O=a right angle. 
~- The triangles are similar, and consequently OA:OA'— 
OB:OB’ and z AOB= Z A'OB'. .. The triangles AOB 
and A'OB' are similar. Hence, any triangle is similar to 
its projection on an isocline plane. 


- 


=. ww 





Now if we take a point in the plane of the polygon and 
join it to the vertices, the polygon is divided into a 
number of triangles which are similar to their projections 


* Cf. Mannin g—loc, cit. 5. 109, 


^» 
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on the isocline plane. Hence, the two polygons are 
similar. Further, if A be the area of the plygon and @ be 
the isoelinie angle, then the area of the polygon of projec- 
tion is Acos?@; and in general if @ and @ be the minimum 
angles between two planes, the area of the projection of 


polygon= Acos 6. cos p. 


Corollary :—Taking a polygon inscribed in a circle, 
if we increase the number of sides indefinitely, the circie 
may be regarded as the limiting form of the polygon and 
we obtain the theorem :— Te projection of a circle upon an 


tsocline plane is also a circle. 


35. The converse theorem is also true f.e., if a plane 
polygon is similar to its projeetion upon another plane, 
the two planes are isocline, and when the length of a side 
is equal to its projection, the two planes are parallel. 


When the two planes are parallel, the two polygons 
may be regarded as the projections of one and the same 
polygon, for the planes projecting a figure upon one of two 
parallel planes project the same figure upon the other and 
the two projections are equal. We may suppose then that 
the plane of projection passes through a vertex of the 
given polygon. Now, consider the two common perpendi- 
cular planes of the two given planes. They intersect 
the planes in two pairs of lines, the angles between 
which measure the minimum angles. From the figure of 
the preceding article, we have the two triangles AOB and 
A'OB' similar. 

SA AO : OA'—OB: OB’ and Z* OSA and 
OB'B are right angles. .;, A* AOA’ and BOB’ are 
similar and consequently Z AOA'— 7 BOB’. "Thus the 
two planes are isocline, which also follows from the fact 
that if the projecting planes through the origin (one of 
the vertices of the original polygon) intersect the planes 









A 


lar 


" — 4” 
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forming similar triangles. Hence the two planes are 
isocline.* 


36. Two conjugate series of isocline planes determine 
a pair of absolutely perpendicular planes to which the 
planes of the two series are isocline in opposite senses, all 
inclined at an angle of 45° with them. 

x Let us take two conjugate series of planes of the type 
a (Z, m) and 8 (2,7). Then there are two (mutually 
absolutely perpendicular) planes which are ortbogonal to 
both a and 8. One of these planes (4, 7’) passes through 
the line 7, z.e. the common line of a and 38, and the other 
is Z'm. 


"Aer: m* 


-— =- o + X - = rr | =, 


>- Ae - oO weer oo ee IM 


I ; cec m 


13 


Fig. 11 
(Here we follow the language of the Point-Geometry 
on the surface of a Hyper-sphere, so that lines are 
represented by points and planes by lines, it being under- 
stood that all the lines and planes pass through the origin 
‘and we omit the mention of O.] 


Bisect the angle ¿l'm at p. On gq’ measure angle 


PI bo. Then p and 4 determine the required plane, 


A — 
and if we make ¿g =45°, then the plane (7,4 ) is the other 
E | plane perpendicular to (P, 4)- 


i ini 





* Manning—loc. cit. Cor, $. 69. 
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Choose l, m, U, m' for the co-ordinate axes. The direc- 
tion-cosines of p are 


— litm; . 1 1 
Pi — A ie (0, 5 , /2 ,0) 


Those of 4 are q; with the condition n= 75 


and 30 ,¢,;=0 £e, 4,—0, and € m,q,;=0 te, g,=0. 


Also Zq,*=1 i.6.,$+9q,7=1 .. 1.— 5 : 


ie, the direction-cosines of q are ( E EU: 0. J 


The angle 6 between the planes (1, m) and (p, q) is given by 
e€,” —cos* 6,.cos* 0, —[lm/pq]* =}. 
^ 6,=cos 0,. cos 6, =i. 
Similarly, e, —sin 0,. sin 6, =}. 
“e, +e, —1, and the planes are isocline* 7.¢., 0, =0, —0—45?. 


This is also geometrically evident, for (!',m) and (q, q') 


| Ns A 
are both perpendicular to (1, m), and pm=lq=45°, 
Similarly, (p, q) is isocline to (7, l’) at an angle of 45°. 


It remains to be proved that any plane of the two 
systems is isocline to (p, q) at an angle of 45°. 


Take any line s in (7, m) such that (1s) —5, and (ms)=s,, 
so that s,*+s,*=1. Take any other line £in the plane 


- Pi JN 
(I, m^), so that l't=ls, such that /, =—s, and f, —s,. 
Thus the lines are (s,, s,, O, O) and (0, O,—s,, 5, ). 


* Cf. Cor. 3, $. 24, Part I. 
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* Now the angle between (s, £) and (p, 7) is determined 
as follows :— 
84 S. o o 
o O —s, Sa 
l PSU 1 1 
4, —sin 0,. sin 0,—| O Je Zs o 
- 1 1 
Pe EE ET. 
— Dad me. — fa 1 
EA Xa (n /2 ) ae! AH (T A) 
=} (s, +s,”)=4} 
Also, e, —cos 0,. cos 6, =[st/pq] 
1 1 
oy 83 0 0; o0 29 ⸗ o 
1 1 
o o — 8, S85 v3 o o — 
4 9| |o = "NON Zz 0 
= + 
1 
* 0 Sy E o 0 Sa 0 Ve 


Ee zi =} (s,*+s8,")=}. 







UU z^ €, +e,=}+}=1 


dal ‘Therefore the plane (s, £) is isocline * to (p, 4) inclined 
— 5 Pe — Vc — e 
| at an angle 45°, 


* §. 24, Cor. Part I. 
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Similarly, any plane of the conjugate series is inclined 
to(p, q) at a constant angle of 45°. 


37. When two rotations around two absolutely 


perpendicular planes a anda’ are equal, all the planes 
isocline in the sense corresponding to the rotation rotate 
on themselves, the series conjugate to any series of these 
planes moving as a series on itself. Every line rotates in a 
plane isocline to a, and any one of these planes and 
its absolutely perpendicular plane can be regarded as 
the axis-planes. This is called an “isocline rotation " 
and the common angle of rotation is called the “angle 
of rotation.” 


We may then enunciate the following theorem :— 


In an isoeline rotation every plane, not rotating on 
itself, remains isocline to itself in the sense opposite to the 
rotation. 


Let £ be any plane which does not rotate on itself 
and let 3' be its new position. Let Zand m, two lines 
in #8, be rotated to the positions /' and m’ in B’. But 
each of / and » rotate in an isocline plane, and therefore 


A planes (Z, 7’) and (m, m’) are isocline, and also Z/’= 


, 


mm. ‘Thus, we have two isocline planes (7, /^) and (m, m^) 


in which the lines have been taken, such that 2Z'’ = mm". 
Therefore, the planes (Z, m) and (Z, m^) are isocline in a 
sense opposite to that in which (2, 7’) and (m, m^) are 


isocline, * i.e., the planes 8, B’ are isocline in the sense 


opposite to the rotation. 


* Cf. Manning—loc. cit, § 111. 








CHAPTER III. 
COMPLEXES” IN Á:DIMENSIONS. 


38. In my Thesis on the Geometry of Hyper-Spaces 
(Vol. I) I had occasion to notice that a space of r-dimen- 
sions in a higher space of s-dimensions can generally be 
defined by x—r linear equations between z variables. In 
the present chapter we shall study the geometrical sieni- 
ficance of r equations connecting the » variables, in which 
the equations are not necessarily all linear, but one or more 
of them can be of any decree t. 


Definition : A Compler is defined to be the aggregate 
of the system of values of the variables or the aggregate 
of points which satisfy a number of given conditions. 


The erder of a Complex is the number of conditions 
which it satisfies. Thus a Complex of order ¢ is one which 
satisfies * z ’ conditions. 

If there are two Complexes of orders ¢ and ¢’, their 
intersection is a Complex of order £-- i', which is defined by 
the equations defining the two given Complexes. If ¢+¢’ =n, 
the intersection reduces to a finite number of points. 


The degree of a Complex of the first order is the degree of 


the equation which defines the Complex. 


The degree of a Complex of order t 18 the number of its 


intersections with a space of ¢ dimensions which is defined 


by #—z linear equations, re. with a Complex of the first 


degree and of order x — r. 


* Bertini names it “ Varieta." 
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If i=n, the degree of the Complex of order » is the 
number of points which define the Complex. 


39. A Complex is said to be **reducib/e," when its points 
ean be divided into two or more groups defining other 
Complexes, otherwise the Complex is said to be 
“ erreducthle." 


A Complex of order ¢ and degree r is denoted by V,*, 
which reduces to a group of r points when *=0. 


.., of i dimensions has in common 
with a V,*, (r+ 1) points, it has an infinite number. 


When any space S 


We have the following general theorem :—*'* Any space 
S, of »4—£ dimensions (4>x2—?) intersects a V,” ina 
Vass.» Any S, which has in common with V,* any 
V'a4s-. and a point, intersects V," in a Complex of 
dimensions >4+2z—n-+1 or in more Complexes of at least 
one dimension less." 


A Complex of order ¢ can be represented by 
Faltis Pars Za) = 0, k=l, 2, + Pe 


40. The complete intersection of two Complexes can 
be composed of several distinct Complexes of lower 
orders. In this case a Complex of order ¢ cannot be re- 
presented by only r equations between the » variables, but 
if there is a Complex which is the complete intersection of 
+ Complexes of first order, it is evident that the degree of 
this Complex is equal to the product of the degrees of those 
Complexes. 


Let U,” and V,” be two Complexes of order | and degree 
7, t.e., let U,” and V,” be two polynoms of degree r in x 
variables. Then U,' — V,' 20 represents a Complex of 
order 1 and degree r, which is the intersection of U,” and 
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V.'. If now U,” contains a linear factor L’, (say), it 
becomes of the form L'/,:P,*^*—V,* =0 (1), where P,*^' 
is of degree r—1. But a point on a V,” is a multiple point 
of order s, if any space S,.., of ¿ dimensions drawn through 
the point intersects it in s coincident points there, t.e., if 
the equation for determining the intersections of S._, and 
V,* has s equal roots. Now if the point at infinity on the 
r.th axis is a multiple point of order r—1 on the Complex 
i.e. if Or, meets the Complex in (r— 1) coincident points at 
infinity, the equation (1) takes the form— 


2,°-U,"-*—V,° =0,7 or «, U — V —0, where U and V sre 
polynoms of degrees r—1 and r respectively and are 
independent of x.. In this case all lines parallel to the 


axis Oz. meets the Complex in only one finite point and it 
is ealled a Monoid.* 


41. Consider a Complex of the first order in m variables— 
JT; 45... Fa) =U, 

Let z',, »',,7',...2', be the co-ordinates of any point 
P. Through this point we can draw (»—?2) Complexes of 
the first order and first degree, z.e. we can draw a plane 
passing through this point acd parallel to the plane of 
(£, Ta) :— 

— a EA l IMn) Bal — — | 


namel =A, G2 )2-B,( "z — ) 


(1) 


r.Q4—z.—AÀ.(r, — 4 3 )C- BC+, — W) 


."sThis isan extension of the term “monoid” used by M. Cayley— 


Comptes rendus Vols. LIV and LVIII.—Carley says that if a surface 


contain a multiple point of order less by one than its degree, the lines 
drawn through this point intersectthe surfaces only in one point and 
the surface is called a Monoid , 
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If we substitute the values of r,, «,...2, from this 
equation in f(t, fs- ) 20, we obtain a relation of the form 
F(5,,*4,)-—0; but when z,-—.',, a, =v, the equations (1) 
give ra =w y, Hy =2'4,...c,=0',. Therefore F(z’,,+’,) is the 
value of f(z,,v,...c.,) when 2z',,2',...2', are put for 2,,*v,...x, 


respectively, i.e., 


Fx.) =f (iw! 5 2 aT 5500.2". )- Z 


Thus the above plane intersects the Complex in the 
plane curve F(z,, «,)=0. 


Let us take another Complex (T, £r...) — 0. Suppose 
that the intersection of f and 4 is composed of several 
distinct Complexes of second order. Leta plane intersect 
these two Complexes. Then we can determine as above in 
any of them a plane curve. The intersection of these 
two plane curves F(r,,r,)—0 and Fi(2,,r,)—0O is the 
intersection of these Complexes /—0 and 4-0 with the 
plane, če. with the (2—2) Complexes of the first degree. 
If the Complexes fand 4 are reducible, their intersections 
are also reducible into several groups defined by different 
equations. Let p be the number of points defining one of 
these groups (supposed irreducible). The number of points 
which coincide at any one of these points is equal to the sum 
of the orders of F(z,,:,)—0, the point (Tit) being placed 
successively on the different. branches of $ =0, very close to 
the point.* 


Now since F(z,,r,) is nothing but IPs, Pass dr 
we easily obtain the theorem :— 


If the interseetion of two Complexes of the first order f 
and $ consists of distinct Complexes of second order, the 


* Fide Bull. de la Soc. Math, de France, Vol- 2. Theorem II, p.35. 
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point (z, 7, ...r,) may be placed suecessively on the different 
branches of $, at a very small distance from any of the 
points, such that tbe sum of the orders of the quantities 
J(£i,2s...7.), multiplied by the degree of the Complex of 
the second order, is equal to the number of intersections of 
f and 4$. 

42. If a Complex V," of order ¢ and degree r is 
: irreducible, the +r points in which any space S, , of r 
dimensions interseets it are all distinet. Suppose the r points 
in which any space S,_, intersects V,” are divided into 
two groups :—one containing a points each counted twice 
and another of 8 points ( .". 2a + 3— r, a2 0,820). 1t follows 
therefore that the equation of the mth degree which deter- 
mines the r points has a double roots and 8 simple roots. 
These roots may separately*be obtained by two different 
equations containing the co-efficients of the given equations. 
It follows then that V,” consists of two parts defined by the 
equations of V,* and the two equations giving the roots, 
which cannot be. ‘Thus the points must all be distinct. 


We conclude therefore that every irreducible Complex 
V,” is intersected by any space S. ,,, in an irreducible 
V,*. If not, suppose that the section of V”, by S..,.,, 

P n. Fe 
consists of more Curves V4 , Vai» (et Vets 


(rita t+... +7. =n). 


By varying the S, ,,, in a fixed space S,..;, it 
will intersect V,* in r distinct points, of which r, will be 


rı Ys Pa s 
on V,,r, on V,,...r. on Vy. "These ¢ curves wi 


describe 4 distinct Complexes. The Complex V”, is then 
composed of these ^ Complexes (represented by the equa- 
tions defining the ¢ curves). 
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From this we deduce the more general theorem :— 
Every irreducible Complex V4" is intersected by an 
S.—,<4+(4>0) in an irreducible V, *.* " 

43.t Let us now consider the representation of a Complex 
of any order higher than one. For the points at infinity in 
a Complex of order 7, the ratios of the Coordinates +r, ,2,,...7, 
to one of them are connected by ¢ relations. "The ratios 





E 2, — may be regarded as (n— 1) new co-ordinates 
m “ses a 


č. -n and therefore the ¢ relations define a Complex 
of EA i in (n—1) dimensions. Now, one or more of the 
new co-ordinates can be zero or infinite, but this particular 


case can easily be considered by a simple linear transfor- 


mation. 

Let A=0 and B=0 be two Cemplexes of the first order. 
Eliminating xz, between these two equations we obtain an 
equation of the form A —0, where A does not Contain -,. 
The Complex of the second order A—0, B=0 is reducible 
or not, according as A does or does not contain factors. 
Let fi (trsa: ~a) be an irreducible factor of A. Then 
the equations /,(7,,7,,-..'.-,)=90, and vr,—«-0.. (1) 
define an irreducible Complex of second order. It is evident 
that each system of values of -+,,7,,...%,_, satisfying 


Jf =0 gives only one value of 2, from the second equation. 


Thus we cannot say that the Complex is the complete 
intersection of the two Complexes (1), but its intersection 
consists of the two Complexes f, =0 and »—90. 
Suppose that the Complex is irreducible and that for 
infinite values of the co-ordinates of its points, the ratios 
* Cf. Bertini—Introduziopi alla Geometria etc. Cap 9°, n.4. 


t The monoidal representation of Complex was given by Bertini in 
1907 -Sece loc. cit. Chap. 9. §. 28. 


This method of representation was also given jby M. — in 


1375.0» 356 Pl Ce 1m Pon eae ae ees Vol, II. 








6 . * - e r 
J to zero we obtain a relation between the ratios -*,—*,,,, ——! 
M n 
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as Ta fsi are neither of them zero or infinite. Let the 
Ja a d. i 
sum of higher degree terms in f, be /,, so that by »quating 


Ren "s 
Thus f,-—/,--/,, where f, is of degree less than /,. If 
the higher degree terms in v contain the factor /,, we have 
vr=P-f,+9,, v, being of degree less than v. Thus 
for representing the Complex we may replace v» by 
v— Pf, =r, — Pf,- li +,—P/, still contains the factor f, 
in its higher degree terms, we may apply the same trans- 
formation to the new expression, and repeat the same process 
until we obtain an expression which does not contain /, in 
its higher degree terms. Similarly, » may be transformed. 
Thus z and v may be supposed not to contain the factor f, 
in their higher degree terms. Therefore, for infinite values 
of the co-ordinates 7,,7,,...7,., which make f, =0, u and v 
are infinite of an order denoted by their degrees.  Conse- 
quently 2, must be of the same order as the other coordi- 


nates. 


Next, it is evident that z, cannot be infinite for the 
values of the other co-ordinates which make v =0 and 7, —0, 
because the Complex of the points at infinity is irreducible. 


Therefore the ratio = is finite, which shows that » passes 


through the intersection of r=0 and /, —0 and w is small 
of the same order as v, while r,,r,,...7.., 18 very near to 
the intersection on a branch of f£,. Therefore, from what 
has been said before, it follows that the intersection of 
v and f, which lies on x counts as so many intersections of 
u and v as of v and of /,. Thus, if » is the degree of /,, 
the interséction counts as (p—1)», where p—! is the 
degree of v and p that ofw. The remaining intersection 


of wand /, is pn —(p — 1)n—n. 
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Now we apply the transformation — 


g eg we eee ee ett, Se 

vs ay wy wy 
In the new Complex, the part at infinity is irreducible, 
The Complex is consequently represented by the equations 
va’, —x'=0, f =0, where « and »' are respectively of 
degrees p and p —1. In this case, as also referred to the old 
system, the Complex is represented by vr,—73-—0 and 
J, =0, where « and v are of the same degrees as » and v’. 
Therefore, as before, the intersection of « and J, is the same 
as that of v and /,, and the intersection consists of (p — 1)» 
units and a Complex of degree n. The same conclusion 

holds for reducible Complexes. 


Now, since » passes through all the intersections of v 
and f, and this intersection counts as as much units 
in the degree of 4, —0, f, —0 as in that of v—0, J, =, it 
follows that if no part of this intersection is contained in 
Jrs u is of the form /v+m/f,, where Z is of the first degree. 
The monoid vx,—u=0 is of the form «,.=/. Therefore 
the Complex of the second order is traced on a Complex of 
first order and first degree. 


In asimilar way, we can easily show that all Complexes 
of the ith order are represented by an equation y -—0 
between » —:-4- | co-ordinates Pitas aurai and $—1 


: — an — 


conditions as above. We may reduce the equations of 
these monoids to the same denominator v ; thus 


, T aita ~= 


m" 
„T, = =s 


R ut E ="n=i+s 
— a — — — — 
t or" 


Each of these Complexes w,.., ps; «, .,4,,......is of a degree 
higher by one than that of v, and passes through the 


- o™ 


Lec 
*» 
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intersections of v and y. The degree of such a Complex 
is precisely that of y. 


44. The degree of the intersection of two Complexes, of 
which one is of the first order, is equal to the produet of 
the degrees of these Complexes. 


Let us consider a Complex of order ¢ and degree r given 
by the equations :— 


A-a4-a,r, Hata t ...... Jd-a. c, -—O cae CE) 
Substituting the values of 7», ,,,, ... x, in (2) we obtain 
Oe (gy ce a i Peni UE Lisa amica t 

+a,u,—0. e. (93) 


It follows therefore that if the degree of the Complex C 
is r, that of w is kr, where + is the degree of w. 


lf we put v=0, then a,.,,,€.-;45, +---+2.4.=0. 
Therefore v—0, 6=0 gives a Complex which counts for 
— (4—1)mr of the intersections of y=0, 4—0. The remain- 
ing intersection is of degree mr (where m is the degree of 
$) and it is the degree of the intersection of the two Com- 
plexes v,* and A. 


Cor :— When we consider a three-dimensional space, the 
above theorem expresses the fact that the number of inter- 
sections of a curve and a surface is equal to the product of 
the degrees of this eurve and the surface.* 


* Salmon—Geometry of three dimensions, Ch. XII, 5. 331. 
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45. The above theorem can be generalised as follows :— 


The dezree of the intersection of two Complexes, of 
whieh the sum of the orders does not exceed the number of 
dimensions, is equal to the produet of degrees of these 


Complexes. 


Let V” and W’, be two Complexes of orders ¢ and ¢’ 
é f 


and degrees rand r' respectively, defined by equations 
analogous to those given in the preceding article. 


Let us transform the equation V,” to a space of 
4»--:—1 dimensions. Thus we obtain the equations of a 
Complex C,* in 44-£—1 dimensions iu the form 





E: REA 20 LA = 
Vn, ena yer, ) =0, £1 = 2 t= » IBI v z 


, 


Similarly Ww. is transformed to a space of »+1°—1 


dimensions and the Complex c^. is given by 
t 


, , f j wt 
P (4, Bey )m—0, = > » £s — e — — E 


The degrees of y, V, #,,...%' ,...are determined as before, 


Thus the two Complexes C. : ©., may be considered as 


both belonging to the same space of » +i -+i —2 dimensions, 
the variables being denoted by (say) 5, ta, 64,---r,, &,, È, 
—— PE c. "ve €» or 


Now we ean easily obtain the intersection of these two 
Complexes by eliminating one of the old co-ordinates zr, ,0,... 
Fa (say r.)between the equations Y=0 and ¥’=0, which 


.- 


Ls 
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gives an equation d$-—4U of degree rr’ in (z,,7,,.. 7, ,), and 
then deducing from the equations an equation of the form 
vr.—2u-—0O. Then ¢=0, vr. —u=0, together with the 
equations for £,,£,,...£',,£,.... obtained from the scheme of 
transformation, will give the required intersection. "These 


also give us a Complex ( — — ) of order i+2 in 
È E 
n-ri--i' —2 dimensions of degree rr’. 


The intersection of this Complex ( E su) with the 


space or Complex 2, =0,£,=0, . £,., gy UK .’=0,... 
2’, _, =0, is also a Complex of the same order rr’. This is 


r’ 


. r 
really the intersection of the two given Complexes Vv. - W 
which proves the theorem. 


46. We shall next try to give a geometric interpreta- 
tion to the equations defining a Complex of order ë and 
degree r in » dimensions. In the first place let us consider a 
Complex in a three-dimensional space. In the above 
monoidal representation, a eurve in space can be represent- 
ed by— 

fle, y) =0, cp, =P, 
where $, and 4, are polynoms of orders p—1 and p 
respectively, and ,/ is the equation of a cone (cylinder) of 
order s. The two surfaces ,/ and œ, intersect in m(p—1) 
lines, since $, =0 is tangent tb the monoid at the multiple 
point of order p — 1. 


lf we draw £ chords of the gauche curve TANE any 
point of space, they are double lines of the cone ,/—0, and 
are counted twice among the lines w(p—1). Denoting 


by k' the remaining lines we have 


m( p—1)-—2k-r k. 
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Also the £-- &' lines are simple lines of the monoid passing 
through the multiple point, whence we.must have* 











z(p—Y)yzk- # - 
Eliminating k’ we obtain— 
MEZD > k &(p—1)(m—p) A 
But certainly p is greater than unity. v 
Ag mO—p) : 
Therefore the inferior limit to tlie order p of the monoid is d 
1 pP>5 
- Thus we may regard a curve in spaceasa curve traced 1 
on the surface of a cylinder. a 
If now we Consider a Goinplas of order » —1 in P 3 
| dimensions, which is represented by a ne ne : | 
i fiis 922)7-0, fs — Be Susain =": 
; we see that each group of the equations pd Js f 
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47. We shall now conclude this chapter by stating a 
most important theorem* in the theory of Complexes in 
n-space:— 

* A Complex Va” of order r and k dimensions and a 


r’ | 
Complex wi of order r' and (x—k) dimensions, which 


k 
have not infinite number of common points, intersect in rr’ 
points. 

The theorem is easily verified in the case when the 
Complex V,* (for example) is composed of r spaces S,. 


It follows that two Complexes v. and NS pik 


rr’ 
k4 E —n 
not in common a Complex of dimension greater than 
k +k’ —n. 


k+ k’ >n, intersect in a Complex V , if they have 


In fact, any space S5,  , xv in z-space intersects a 


, 


Complex Vs, (for example) in a Complex en " whieh has, 
by the preceding theorem, rr' common points (not infinite) 


with the Complex x , as otherwise varying the space 


doo pK We obtain a Complex common between 
V^, and V^, , of dimensions »2—£—F. 


* Halphen has given n demonstration of this theorem in the 
monoidal representation of Complexes (Bull, de la Soc. Math. de France, 
Vol. 2, 1874, p. 34). But it was more rigorously and more simply proved 


by Noether (Math. Ann. Vol, 11, 1877, p.670). Another proof was 
given by Pieri (Giornalo di Matematiche, Vol. 26(1), 1888). 
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, 


| r r 
W hen Vi : Vie 


sions >&-+ 4° —a2(z 0), the two Complexes may have another 
common Complex, but the dimension of any of these is 


have a common Complex of dimen- 


always >44 k —n. 


48. Geometrical Continuum: Each group of values 
of the variables satisfying the equations of a Complex is a 
solution. If the number of equations be exactly equal to 
the number of variables the solution is determinate, but if 
less, the aggregate of values is defined to be a “ Continuum,” 
If there are ¢ variables, then ? represents the dimension of 
the continuum ; when all the eqnaations of a Complex are 
linear, the continuum is linear. The continuum defined by 
one equation between » variables is called an (»—1) 
continuum, as we have already seen. 


The aggregate of values of the variables even if they 
are not eonneeted by any equation is called a ** region," 
more precisely »-region. If the variables are independent, 
but the boundary defined by the  »-tuple Integral 


LL in which none of the variables are infinite, 


then the aggregate of values over which the integral 
extends is called a closed region and the integral represents 
its content or mass. 


If 7,,7,,... are the variables, dz,,7»,,... their differen- 
tials, supposing all independent, 
then =Í dæ,” + dr, +... represents the length of 


the distance A to B, where A and B are the limita 
of the integral. The calculus of variation shows that this 
distanee is a minimum if the variable functions are of the 
first degree, 
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49. Application of the orthogonal transformation : 
We have already discussed the properties of an orthogonal 
transformation. Let z,,-,,... be the original variables and 
¢,,¢,,... the new variables. 


Let. i =a ti Fata toe — 
€,=—f8,t,+B,t,+°: e. (QD 
etc. etc. B 
Then, r*-2:,*--4,?--52,*4-... =(a,*+...)¢,* + etc. 


+-2Z(a,a,+8,8,+...)t,t, + ...etc. 


where r= distance of the point from the common origin. 
If r* =¢,* +7," + ...ete., then the constants of transforma- 
tion must satisfy the conditious, as we have already seen, 


a,” +B,’ +... =l, ete. ? 
a,a,+ 8,8, +... —O, etc. 


If ZZ —- a, a, a. 
B. B. Bs 
then, axi, exa, 





Thus, by the above conditions, A*=1 and consequently : 
either A =— 1 or A —- 1. 


If A——1, the new variables are simply the old ones with a 
negative sign. -. A=+1. 
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If now a,,b,,c,,... are the complements of a,, B,, y, ... 


i.e. if a, == 


then At, =a, 7”, +b, r +c, Z, + ..-.ete 


But if we multiply the transformation formulae respectively 
by a,,8,,7,,--- and add, then by condition (1 , 


f =a F 4- B, ra M... 


Thus, if A —1, a, =a, b, =B, etc. t.e. the complements are 
equal to the corresponding elements themselves. 


Hence aa, +a,a, t... — A, etc. 
a, Bı +a, B, 4- ... —O, etc. 

Therefore, a,*4-a,* 4-a,? -- ... — 1, etc. 
a, B, 4-a, B, -- ... —O, etc. 


Hence we see that we ean transform the original variables 
to new ones and vice versa and the processes are similar. 


50.* The content of the cylinder: The mass V of 
an open region is represented by the x-tuple integral 


A z— ] 
| de,dz,.... lf now the »— 1 tuple integral de,.dz,... 


has a constant value A independent of .,, and if the limits 
are constant with respect to .«,, and their difference 
is a, then V —aA. 


The first condition among others is satisfied, if the 
boundary equation be given in the form 
$c, —p, 2,—9,...) —O, 
where p,g,... are functions of a single variable »,. 


* Of. L. Bchlatlli— Theorie der vielfachen Kontakt, ihe 
J. H. Graf, Bern, 1901—§. 5, p. 11. m 








- 
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There are now two boundary equations of the form 
»,=constant, and the integral V extends over all values 
of +, which lie between those two constants. If however 
P; d... are linear functions of .,, then the boundary defined 
by $ —0 is generated by the motion of a line which remains 
always parallel to those determined by ;,—5,r,-—4,.. The 
closed region V is then the cylinder of ordinary Geometry, 
where A is the base and a is the eorresponding height. We 
may therefore state the theorem in the following form :— 

The content of cylinder ts equal to the product of tts base 
and height. 


51. The Paralleloschem :* If the boundary of the 
(»—1)-tuple Integral A (the base) in the preceding article 
is again similarly determined, and so on, we have V — a£c... 
Then x, lies between the two constants whose difference is 
a, z, lies between two linear functions of ©, whose 
difference is 46, «, between two linear functions of -r,,r,, 
whose difference is e, and so on. The region is thus enclosed 
between # pairs of parallel linear continuum, and we call 
it the ** Paralleloschem.”’ We always assume that the 
» original equations are all satisfied by the zero values of 
the variables. The (n— 1) of these original linear equations 
taken together will determine a straight line, bounded by 
the remaining pair of parallel linear continuum and this 
line is called an “edge” of the parallelosehem. ‘There are 
in all 2.2,., edges ; but 2*-* of them are parallel and of 
equal length. Thus they fall into » groups, of which 
only x pass through the origin. ‘The first is .,—0, the 
second is ayy 48,4, =0, the third is ag, Bata Yas =0, 
and so on. If we take the first, mo variable vanishes; if 
the second, «, =0; if the third, «, —0, z, —0; if the fourth, 
2, =, =4, =0; avd so on, For the first edge, no projection 


* The name is used by Schlatli, 
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vanishes, and its first projeetion is a, for the second edge 
the first projeetion 1s zero and the second is ó ; and so on. - 


52. The content or mass of the Paralleloschem : 
The mass or content of a *'Parallelosehem" is equal 
to the determinant of the orthogonal projections of its edges. 
Let the projections of the edge of a parallelosehem in any 
rectangular system be 24,,0,,0,,... ; &5,0,,C, 5... (550. C. + | A 
We now transform this toa new system to which the 
paralleloschem has the above relation. If now we consider 
the edges as the new variables X, Y.... in any of the 
above-named order, then the projections in the new system ! 
are : 

AS/D DIO. m 
sås B,, 0, O,... 


a UT 
ve AA etc. 


Let “,=a,X,+a,X,+a,X,—... 
- Ta c—Bg.X, HB. X. +B Xat. . 
etc. etc. etc. 













then we have 
(1) a,=A,a, (2) a,=A,a,+B,a, 
6 =A. 5, r b,=A,8,+B,£, 
(3) a,=A,0,+B,a,+C,0, d 
b, A.B, --B,8, O4 : 3 
= - 





-Em mM ts LJ up. a L1 
M Ld b a 
è 










s E: M 
= From the first of | these Vio gas co Jae. * pe a 
=B. n um “A 
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Since the second system is also orthogonal, from the second 
we have 


A,=a,a,+56,f, +... . 


and if we substitute the above value of A,, we have 
B, — V (a, —À,a,)?*-F(5, —A,B,)* +... etc. 


a, = a, —Å,a, „p etc. 


The third equations give— 
A,=—a,a,+6,8,+..., B,-—a,a, --b,B, +... 


and from these we finally obtain C,,a,,8,... and so on. 
Each system of values contained in the paralleloschem is 
represented by the equations— 


_@, =A,a, +A ,a,+A,a,+... 
ta =A, b, +A, b, EAS b, + -.. 
etc. ete. etc. 


where the indeterminate co-efficients are positive and frac- 
tional. If the determinant V = = be multiplied 
by itself, then the product is a determinant whose elements 
are 


a+b,’ Ha, +... a@,@,+6,b, +e,¢e,+... 
uuo: 5. - Foro... a,*+5,*+c,*+..-- 
etc. ; etc. 
a,a,+b6,6, -Fc,0, +...etc. 
a,a, e b, b, +c,¢, + ...etc. 


etc 
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If now we denote the edges by k,,k,,k,,... and the cosine of 
the angle included between two edges as (4,k,), then - 


* a! +b,” od t... =k, ", a.a, +b,b, +... =k, k, (k, k.) " 
and so on. 
Then  V*z 4," Æ. kalki ks) Erb. CE VN). 


kak, (kik) ka” kk (Rk)... A 


“>. 


=(k,k,k,...)**| 1 (k,k,) (k,k,) ... 
(E 1 708) Cae - 
(Kg hi) "OM leo 











eee LR se et? 


Hence, the mass or content of the Parallelosehem is the 

product of its edges multiplied by the square root of a 

determinant whose general terms are the cosines of the | 
- angles ineluded between the edges in pairs. 


This method we have already discussed in Geometry of Di 
Hyper spaces Part I. roe 


“eT E 


equation "dd they lie in one and the same plane, s and ya ^ 


TE- 







above determinant also, vànishes. 31 ng cB 
| NM 
| Bii n= i we obtain the same result as before in Cha pter — 
i | | "MEX — = ` oe 









cosa, cosb,- “Coty — x 









* e E co roh * B 
— em — pis 


^ I$- at 
| » E i. 
B iis . 
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This is the case with a tetrahedron. 


53. Mass or Content of the Pyramide — 


n 
If the Integral P= A J dt,dt,dt,,... is bounded by the 


conditions £, >0, f, >0, etc. 


fy a fs ty 
Bee pee sh 


we call such an Integral P of n+1 linear continuum a 
Pyramide. 


If we now put £, —k,u,, t,—k,u,, t,—k,u,... 


n 
then P=A kk k,...x f du,du,du,... 


with the conditions «, 20, u, 20, u, >0,...ete. 
Us. Hu, dn. +... cl. 


Since’ the integral contains no constant, it can be represented 
. by f(n). 


n—1 
In | du,du,du,...[u, 2 0,u, 20,....«, Hu, 6, HF uso z1—«8u] 


let us put u, —(1—«w,)v»,, uy =(l1— t, )v,,...ete. then 


n—1 
du,du,...—(l-—wu,)j)""' f dv,dv,dv,... 


[v, 2-0, v, 2-0, ... v, +o, +0, +... <1) 
—(1—wu,)"^'fí(n—1). 


I n— 
eefeo-nD:[ a) = 0 e rg 
Oo 
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Por. fH= fotu >0, welll 


ee Cte Make ae — XV e 

S Eds Lao — 

^ The content of the pyramide is equal to the content | | 4 

of the paralleloschem which has » edges common, divided X 
by al. * 








CHAPTER IV. 
Hyrer-SurFaceEs. 


54. We shall now introduce the idea of Homogeneous 
Coordinates in the Geometry of Hyper-spaces. As in the 

* ease of plane and solid Geometries, the introduction of 
Homogeneous co-ordinates in the geometry of hyper-spaces 
greatly simplifies the study of projective properties of 
curves and hyper-surfaces. Prof. E. Bertini* of the 
University of Pisa has written a Treatise on the “ Introduc- 


* 


tion to the projective Geometry of Hyper-spaces,” in which 
he dwells at some length on the projective properties of 


curves and surfaces. 


In studying properties of Hyper-surfaces we shall make 
use of homogeneous coordinates, but at the outset we shall 
show that some geometrical interpretations can be given to 
this special system of co-ordinates. 


55. We have so far defined the position of a point with 
reference to n mutually orthogonal axes, called ‘‘ the axes 
of Coordinates.” The position of a point may also be 
defined with reference to a “ Simplicissima," determined by 
(n+ 1) given independentt points in the general n-space. 
The (n 4- 1) vertices will be called the “fundamental points.” 
The (n+ |) co-ordinates of a point will be defined as the 
ratios of the #-dimensional contents of the joins,f which 
have the given point and any nm of the (+1) fundamental 


e * Pisn, December, 1906. 
-* Fide—Geometry of Hyper-spaces, Part I, §. 7, published by the 
* University of Calontta, 1917. 
"$ Boll. of the Cal Math. Soc, 1909, Vol 3. “on Parametric 


"t Co-efficients, etc, 
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points as vertices, to the content of the fundamental 
Simplicissima. 


Let us denote the fundamental points by A,,A,,A,,...A,. 
Let u, denote the (n —1) dimensional content of the join 
of » of the fundamental points with the exeeption of A,. 
Thus we obtain w,,w,,...%. similar (» —1)-dimensional 
contents. 


Let P be any given point in the z-space. Let 
V5,V,,V,,...V, denote the n-dimensional contents having 
P as vertex and »,,",,u,,...». as bases respectively. 


Then, V,/A,V,/lA,..V./A, where A denotes the 
content of the fundamental Simplicissima, are defined to be 
the (n 4-1) co-ordinates of the point P, corresponding to the 
Areal or Four-plane co-ordinates in ordinary two or three 
dimensional geometries respectively. These (# + 1) co- 
ordinates will be denoted by the lettess » 


o" EELT PSP 


From the above definition it easily follows that these 
(n-- 1) coordinates are connected by a linear relation 


to tz, +r, +... tr. = SOS CR 


It is to be noticed that this relation must always hold, 
wherever the point is taken in the n-space. In the case 
when the point P lies within the join of the fundamental 


points, it is easily verified, having regard to the fact that 


the sum of Vas xs V acies V LAM equal to A. When the 


given point lies ontside the join, regard must be had to the 

siges of the contents VosVio Vas. V. ; for a point inside 

the join, the signs are all positive; for a point - outside, 

the sign is to be determined by the fact that it is regarded | 
positive if the single perpendicular drawn from the given 

point on any of the bases is in the same direction as the a 
perpendicular drawn from the corresponding fundamental 

point, and negative in the opposite case. 
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Further, it should be noticed that none of the co-ordi- 
nates of a point in this system can be infinite, and all of 
them cannot be simultaneously zero. The point whose 
coordinates are proportional to 1,1,1,...1, is called the 
“ unit-point " and is denoted by U. 


In virtue of the relation (1) all equations in this system 
can be made homogeneous. 


56. Formulae of transformation from the Cartesian 
to Contental system : 


If .,;'(j20,1,2,...n ; $—1,2,3,..n) be the Cartesian 
co-ordinates of the fundamental points and c,,-,,...r, the 
Cartesian co-ordinates of P referred to any system of axes, 
orthogonal or oblique, and if X,,X,,X,,... X, be the contental 


co-ordinates of P referred to the fundamental Simplicissima, 
then 





" 


(2) (r) 
m.m. Xo tze; X, te, Kot... te, X..Fx.0X. .. (I) 
(1221,2,3,...n). 


x 20 Vo? uu (nlVo)* 
A ee ——— 


— 1 r, Pe te 
(1) (1) (1) 
À x, P. P. 
(n) (n) (n) 
LE OF Ze F 
— (0) (0) (0) " 
bles Te E 
(1) (1) (1) 
f, Be fee.” ‘Su 
‘ > - * só 


(n) (n) (n) 


. il w, T. TIE Eh 


* Vide Proceedings of the London Math. Soc. Vola. XVIII and XXI. 
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1 2 ( 0) (1 er: 
== is m es w TE AS bs Pos 
0) (1 
i X ieu ees S v + [1 is x ge Mn 
0) (1) (2 à) 1) (2 
or, re A di r^ i ix, -n« EX jm $^ : 
0) (1) (2 0) (2 | 
ae ) € 5». Mes jix,-n f t e 
ete, ete. 
and generally, 
0) (1 o i—1) (141 Á 
re B em x, x rae — (11) 
($2:0,1,2,... n) i S E 
9.0 Q9... 2 ME 
Multiply these in order by ^ A By y . and add. — as, Pal = a | 
OG) — (» EU — — Du 
[Qe æ Tee Pau: o Eod — Ee. |^ pet 
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£z Ara ee w TN (ie L2 LI P 








HYPER-SURFACES 87 


Thus we see that all our results obtained in Cartesian 
system can be transformed into this new system by means 
of the above formulae of transformation. We do not 
propose to diseuss the details of these transformations at 
present, but we shall only make use of the homogeneous 
nature of this new system of co-ordinates in studying certain 
properties of H yper-surfaces, analogous to those in ordinary 

* Geometry of three dimensions. From the above formulae 
it is easily seen that the co-ordinates of any point in an 
r-space contained in a higher space of »-dimensions can 
be expressed as a linear function of the co-ordinates of the 
generating points. 


of. Hyper-surfaces : 


A locus is generally defined to be an aggregate of a 
number (in general infinite) of points determined according 
to some specified law. Thus, if « is a point 


in the space determined by 2,,2,,4,,...2,, then the equation 
- $(rj,5,,..».)-—0, where 4 is a homogeneous function, 
limits the arbitrary nature of the ratios to: r,: x, i te 
The corresponding values of « form a special aggregate of 
points out of all the points in the space. 


A locus is sometimes detined by means of simultaneous 

. equations such as $, =0,ġ, —0,... $. =U, where the $'s are 

all homegencous, and a locus defined by r equations is said 

; to be of (» —7) dimensions. (These we have called “a 

Complex of order r ” in the preceding chapter.) It is to 

iL be noticed that the functions $,,9, ,... 9. are not necessarily 
| linear. - 


We shall call a locus a. ** Hyper-surface " which is of 
one dimension less than the space containing it. Thus æ 
p i | A 





surfaces of ordery in an »-space form a “ linear system 


wh Thus the equation of a Hyper-sui rface of or 
made to entisty, N(r) —— mo 
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in plane Geometry a conic is a curve of one dimension, 
in the geometry of three dimensions a conicoid has a 
surface of two dimensions. Thus, in general a Hyper- 
surface in an r-space is of (r—1) dimensions. 


A Hyper-surface defined by an equation of the rth 
degree will be called a surface-locus or a Hyper-surface of 
the rth order. 


58. Consider the oo"-* aggregate of the points of an 
n-space, Which satisfies a rational, integral and homogene- 
ous equation of the rth order in the current co-ordinates : 


Boy Bases ae 


— ra, n.) Sa, "s. —— «C 2 — D ene (a) 
where the sum extends to all combinations of £,,¢,,...t- of v 
4 


the rth order, repetitions being allowed. 


The aggregate of points defined by the equation (1) 
will be called a Hyper-surface of order r, and will be denoted B" 
aa A AERES 








+ 


The number of lincar and homogeneous co-efficients in (1) 


is ee Me utr SEE ) say $ 





Hence if we put N(r)=( "= ERE j=, gn all the Hy * i 


oo NC r Ing 













— T, 








Boc. of London, Vol, CLX, 1870. 
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A surface is said to be “degenerate” or “ non- 
degenerate " according as the function / breaks up or not 
into the product of two or more factors of lower orders. 


A degenerate Hyper-surface is composed of two or 
more ** non-degenerate " Hyper-surfaces. 


59. The order r of a Hyper-surface has a geometric 
significance. It is the number of points in which a line 
intersects V', ,. In fact, the equation (1) of § 58 and 
(x—1) equations of a right line have r solutions common, 
which correspond to the roots of an equation of the sth 
degree in one co-ordinate (c, say), t.e. of the equation 
obtained by eliminating » of the (n+ 1) co-ordinates between 
the above n equations. If any line has more than r points 
common with the Hyper-surface, it lies wholly on the 
surface, the equation having more than r roots reduces to 


an identity. 

In general, if we have a k-omal,* to find its intersec- 
tions with a V', ,, we have he equation of the V*, , and 
the (x—k) equations of the omal. Thus we obtain alto- 
gether (»— k--1) equations. By means of these we can 
eliminate (2—k-r-1) of the (#+1) co ordinates and the 
resulting equation involves only X co-ordinates. ‘Thus the 
intersection is a V",_,. 


60. Intersections of Hyper-surfaces : 


The aggregate of points common to two or more Hyper- 
surfaces is called their intersection. Bv a known theorem 


in Algebra, n hyper-surfaces TE A A — AES , bave in 


general r,r,...7, points of intersection. If they have 


* Cayley—Memoir on Abstract Geometry, Phil. Trans, of the Royal 
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more than 7,7,...7, points of intersection, they have neces- 
sarily an infinite number, forming one or more Complexes 
of different dimensions. 


It follows that k hyper-surfaces (k<n) intersect mn— k 
hyper-planes (ż.e. a space of k dimensions) in r,r,r,...r, 
points. This group of r,r,r,...r, points is called a 
Complex of order r,r, ..*, and of dimension »—k, and is 


therefore denoted by V fut ire. 


But if these Hyper- 


Fast a 


) r 
surfaces have a point and the Complex V `, 


common, 


any space S, of k dimensions will intersect this Complex 
In points, and corsequently in an infinite 
number of points. 


61. If we consider k+1 hyper-surfaces of the same 
order 7 (linearly independent) and the linear system  ee* 
determined by them,* all the Hyper-surfaces of the sy stem 
have in common the points of the Complex of intersection 
Gif it exists) of those Hyper-surfaces. This Complex is 
called the “ base Complex ” of the system, and if k+l<n, 
it certainly exists and is a Complex Wee: 

"—à—1 

It can be proved very easily that the Hyper-surfaces of 
order 7, which pass though N(r)— X generating points of 
any -spaee, constitute a linear system coo", and, if 
ksu—1, they have in common a Complex Vo 

2 
determined by those N(r)—k points. If k=n—1, they 
have r^ points common. In faet, if we substitute the co- 
ordinates of the N(r) —k given points in the equation of a 
Hyper-surface, we can determine, in terms of k+1 


* Vide—Bertini, loc. cit. chap. X, §. 1. 
> - 
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co-effieients, all the remaining co-efficients as linear and 
homogeneous functions of them ; and these values substi- 
tuted in the given equation will determine a system ec *. 


62. Polarisation in »-dimensions: 

Let f (7,,v,,v,,...5,) —O0 be the equation of any Hyper- 
surface of order r. — C) 

Let P and Q be the two points y; and z, 
(£20,1,2,3,...»). "Then the co-ordinates of any point on 
the line PQ may be taken as Ay, -t iz, (27—0,1,2,...»). The 
co-ordinates of the r points of intersection of PQ with the 
Hyper-surface (1) are found by substituting these values 
for ;$5,»,,..-. in (1), and then determining the ratio A/p 
from the resulting equation, which is of degree r. 


The equation thus obtained 15— 
Ah, +( 1 prea. + ( J eaS, +... =0 (2) 


where faf C YoY i Yaya) 


and A.*f,- es o pt te. OL * 


— (r-—s-4-1)... 


The operation A.* is called ** Polartsateon” with 
respect to the pole z. | 

The equation (2) can also be written in descending 
powers of », and then comparing the coefficients with those 
of (2) we obtain the following identities :— 


Ar fmm Ap" ef 
Av Ar SJ TA — f$ 
, As ATTFTUERA AS" f, 


"The equation A. *f/,—4.'^'f, —0 represents a Hyper- 
surface of order r—s, which is called the sth polar of z with 
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respect to V*, ,. In particular, the (r— 1)th polar is a 
Hyper-plane and is ealled the Polar Hyper-plane of order 
r—]. The (r—2)th polar is called the “ Polar Quadric, '* 
and so on. 


Note: his is really an extension of the Theory of 
Poles and Polars in the Geometry of three dimensions, and 
consequently the theorems proved in this last case are also 
valid in the geometry of » dimensions. We give below 
some of those theorems without proof and shall try to 
interpret them geometrically on a future occasion. 


63. Theorem 1: If the sth polar of P passes 
through Q, then the (z —s)th polar of Q passes through P. 
(Theorem of Reciprocity.) 


Theorem 2: The sth polar of a point P with respect 
to the Ath polar of the same point with respect to a Hyper- 
surface V'.., is the (s+ k)th polar of P with respect to 
ht at 

Theorem 3: The relation of a Hyper-surface to its 
polar Hyper-surfaces is a projective relation. 


Theorem 4: If we form the sth polar of a point P 
with respect toa Hyper-surface, and the kth polar of 
another point Q with respect to this polar Hyper- 
surface, and so on, we finally obtain a Hyper-surface which 
is independent of the order of Polarisation. 


64. Consider that the point P(z) is any one (A,) of 
the fundamental points z.e. the coordinates of P are 
(1,0,0, ... 0) and intersect the Hyper-surface V’,_,, given 


* Consider the Hyper-surface formed by the faces of the fandamen- 
tal Simplicissimn. Jta equation is therefore mom, Pa... 0, = 0, 
Therefore the Polar Hyper-plane of y is Syot- Yi TATEM te =O 
If the point y is the point (1,1,...1), the Polar hyper-plane is S2,=0 
which is called the unit Hyper-plane, 


-> 





IE 
ww 


a" 
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by the equation (1), by the fundamental Hvper-plane 
U,, «,=0 which passes through this point. The section 
will be a Hyper-surface of «, —U, which will have its equa- 
tion [ 7), 2o 790 where [f]. —() represents the result 
p am 

of substituting », =0 in /. 

The first polar of P with respect to this Hyper-surface 
will be 

601, o 
Oz, 


Obi. = 
sa =| — 


the above first polar is also the intersection of _«,=0 with 
the first polar of = with respect to V',. , This property 
ean be extended to the second polar of = with respect to 
WV.*-'*, since it is the first polar of the first polar. 


Now since 





Therefore any space S,., through a point z intersects 
a V', , and the sth polar of = with respect to V', , ina 
V*,.., and in the sth polar of z with respect to V* 
(Hyper-surface of S, .,). 


In general, any linear space S+, which passes through 
a point z, intersects a V^,., and the sth polar of z with 
respect to V'.., ina V',-, and in the sth polar of =z 
with respect to V”, ( Hyper-surface of S,). This is 
easily proved by applying the preceding theorem to the 
section of V",., by the Hyper-plane of S,. 


65. Tangent Spaces : 


. Next suppose that the point P(y.) lies on the Hyper- 
surface V', ,. We find the condition that the line PQ 
meets the Hyper-surface in two coincident points. In this 
case we must have f, =0 and A,/, =0. 


— > 
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This equation, in which = is regarded as current coordi- 
nates, represents a Hyner-plane (passing through y). 
Hence the tangent lines to V*,. , at any of its generating 
points are contained in a Hyper-plane called the ** Tangent 
Hyper-plane " to V",_, at the point. This Hyper-plane 
is the polar Hyper-plane of y with respect to V*', ,. 
Conversely, if a point lies on its polar Hyper-plane, the 
point lies on the H y per-surface. 


66. Polar Quadrics : 
The polar quadrie of any point P(y,) with respect to 
any V*,., has the equation of the form 


|j. ap MEI. s Ht 
A Jim a coy, nre. 


This Quadric has a double point z, d.e. is a cone, if 


ok 2 b. 
e T TUS ( k—0,1,2,...n) — 6 RS 


which shows that the first polar of z, given by 


= Sis, =0 has a double point at y. 
Hence if the polar quadric of P has a double point at Q, 

the first polar of Q has a double point at P, and vice versa. 
The condition for the coexistence of the equations in 

(1) is— 

=0 

o *f, o's, wu RU x 

Oy." Ov. OY, Oy. Ov. 


*"-- e... =... s+ 


E (ES. = Sfi oe 
Oy.Oy, OYN ys? 
» 


' 
E 
-i 
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and therefore the locus of the poles of the polar Quadries 
with double points or the locus of the double points of the 
first polars is a Hyper-surface vere!) 


n—1 

(2+ 1)(r—2), which is called the ** Hessian.” 

Note: All these theorems are obtained as extensions of 
the theorems in ordinary Geometries. Many other similar 
theorems can be obtained in this way. But we postpone 
for the present the diseussion of these theorems or other 
deductions. We consider the case of Quadric Hyper- 
surfaces, and in doing so we shall use the notation used by 
Whitehead in his Universal Algebra Vol I. 


67. Quadric Hyper-Surfaces : 


Hyper-surfaces of the second order are called 
“ Quadrics" or “Quadric Hyper-surfaces,” and it is de- 
noted by V*._, > 


The most general equation of a Quadric V*, , may be 
written as— 


Saoto £254,707, = (a)r) —O, say. 
Let Sao0T ot o HE ao lot FH oF DEAN’) 


of. order 


If z be a poiut on the line PQ, where P and Q are the 
points r,, «',, its co-ordinates may be taken as 


Ac, tee’, (£2250,1,2....5) 

Substituting these values for the co-ordinates in the 
equation of the Quadric, we obtain | 
(a)(z)* —A*(a)(»)* 4+ 2Ap(a)(r) (a+ pF (a) (477) * —0 ... (1) 

This equation shows that if more than two points of a 
line lie on the Quadric, the whole line lies on it. If the 


equation (1) breaks up into two linear factors, the Quadric 
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is degenerate and consists of two proper Hyper-planes of 
(n— 1) dimensions corresponding to the two factors. 

An space of any dimension either intersects a Quadric 
in a Quadric Surface contained in that space t.e. in a 
Quadrie Surface of dimensions lower by one than that of 
the space, or itself lies entirely in the Quadric. 


68. Poles and Polars : 


Consider the equation (a)(»)(5') 20. This equation may 
be regarded as defining the locus of the point »,, when the 
other point z', remains flked and vice versa. When x, is 


regarded fixed, the locus is the polar of x’, with respect to _ 


the Quadric (a)(«)* —0. The polar of a point will of course 
be à Hyper-plane of (n— 1) dimensions. The point 4', is 
called the ** Pole." 


The ordinary theorems on Poles and Polars obviously 
hold : 

(1) If any point-a’; lies in its polar (a)(»)(x') 2 0, we 
must have (a)(x’)(.')=0, i.e. (a)(2*)* —0. Hence x’, lies on 
the Quadric itself. Thus all the points on the Quadric are 
reciprocally polars to themselves, or they may be called 
" Self-polar " with respect to the Quadric. In this case 
the polar (a)()(#’)=0 is the **tangent-space"* at the 
point 2’,. 

(4) Again, if the point lies in an (2 — 1)-spaee, the 
polar spaces all pass through a common point which is the 
pole of the (x—1)-space with respect to the Quadric. 

If the point lies in an (2 —2)-space given as the inter- 
section of two (»—1)-spaces, the polar-spaces all pass 
through the two poles of the defining (n — 1)-spaces and 
have therefore a common line of interseetion. 


* " Berührungs-Raum "— Veronese, 
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And generally, if the point lies in an r-space, the polar 
spaces of the points must pass through the (» —r) poles of 
the defining (#—1)-spaces and thus have an (u—r--1)- 
space of intersection. 


Thus we see that spaces can be connected by a reciprocal 
relation 7.e. that of poles and polars of the above nature : 


An S,., space has one pole defining an space of zero dimension, 


n ud » two poles ,, * one dimension, 
SYM EC DNE » three ,, T 35 two dimensions, 
pubes 535... 55: foUr- 5, » » three ,» 
3 S.-. - » 5» f 2 E »" (r— 1) 3 

ete. ete. etc. 


From these we infer that two spaces can generally be 
connected by a dual relation such that the sum of their 
dimensions is always equal to (u — 1).* 


We shall define two spaces S, and S, (r+k=n—1) as 
“Conjugate spaces," when there is a dual relation between 
them of the above nature. i 


Thus the two conjugate spaces are such that the polars 
of all points in one with respect to a given Quadric have 
the other common between them. 


P * Veronese—"' Ebenso heissen dual oder correlatif die Raüme, von 
denen der eine durch eine gewisse Anzahl unabhängiger Punkte und 
der andre durch eine gleiche Anzahl unabhangiger Ratime bestimmt 
wird.” 

Veronése has sought to establish a dual relation between spaces by 
the number of points and the number of equations determining them, 
Thus, n equations determine a point of zero dimension and n points 
determine an (n—1)-space ; (n—1) equations determine a line of one 
dimension and (n—1) points determine an (n—2)-space, and so on. 


Veronese—Grundzüge der etc., 8. 159, p. 571. 








| 
L LIBRART 
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69. Harmonic Properties : 

Consider the points in which the line joining two 
conjugate points P(r;) and Q(.c,") intersects the Quadric. 
Any point on the line has coordinates of the form 
Ax; + ux ,(120,1,2,...n). 

Then the equation (2) of §. 62 becomes :— 

A*(a)(x)* --u*(a)(x')* —O avc E) 
since . (a2)(.c)(2")=0. 

The two points of intersection must therefore be of the 
form Ac, -+p2’,. Therefore the two ecnjugate points z, and 
4', and these two points of intersection of the line PQ with 
the Quadric V*,_, form a Harmonic Range.* 

70 We have seen that (a)(:)(4')-—0 is the tangent 
space to the Quadric at the point «’,. 

Let acto +a% + ... Ma,r,—0 be the equation of an 


(n—1)-space. The condition that this should be a tangent- 
space to V*,.., is obviously— 


Goo Go 1 Qos eee Goa a o zz. 
Aso a,, 6. — a, 
Goo Qs, Aes bes! Cae a, 
Gao Ani Oas =.. Gan a. 
ay a, a, — Mig Oo 
This condition can be written in the form 
=Å" +25A,,0,0, =0 i 
or (A)(a)* —O SUCCES 


viu As m zA, oto. A being the determinant 
oo 


(oo Gaa4 Gau a). 
* C. A. Scott ; Modern Analytical Geometry, $, 40. - p 
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If now we denote the coordinates of the given (n—1)- 
space by A,(7—0,1,2,...»), then the condition that this may 
be a tangent-space ean be written as 


(A)(A)* —O — SN 


Thus we have two conditions :—(1) the point r, lies on 
the surface (a)(z)* —0, and, (2) the space A, is a tangent- 
space to the surface ( A)(A)* —O. 


The equation (B) may be called the tangential equation 
of the Quadrie V*, ,. 


Thus a Quadric may be generated in two ways: (l) as 
the locus of a point ; (2) as the envelope of a tangent- 
space.* . 

71. Self-polar Simplicissima : 


We can choose the fundamental Simplicissima in such a 
manner that the fundamental points are reciprocally polar 
to each other with respect to a given Quadric. | 


Let (a)(x)* =0 be the equation of a Quadric. 


The coordinates of the fundamental point A, are 
(1,0,0,0,...). Its polar space isto be the fundamental 
(xn—1)-space Us. But the equation of its polar space is 


(a)2)(1) —0. 


* Of. Prof. Cayley —* * 
double generation of a k-fold locus—such locus is the locus of points, or 
say, of the “ineunt ™ points thereof ; and it is also the envelope of the 
tangent-omals thereof. We have thus n theory of duality. This theory 
ia essential to the systematic development of n-dimensional Geometry, 
the original classification of loci as 2-fold, 3-fold e*c. is incomplete and 
must be supplemented with the loci reciprocally connected with these 
loci respectively. And moreover the theory of the singularity of a 


e Thos we arrive at the notion of 


locus can only be systematically established by means of the same 


theory of duality. e » 
Phil, Trans, of R, Soc, of London, Vol, CLX, 1870. 
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We must have ¢,,=a,,= ... =a,.=0. Similarly 
in other cases. 

Thus the equation of the Quadric is reduced to the 
form— 


Aoo ko Fa, w"; +... +4,,.0",=0 (OQ) 


we call this the “ self-polar Simplicissima." 


In order to construct a self-polar Simplicissima with“ 


respect to a given Quadric we proceed as follows :— 

Let A, be any point not on the Quadric. "Take the 
polar space of A, with respect to V*,_,, which is of (#—1) 
dimensions and does not contain A,. The intersection of 
this with V*, , is another Quadric of (n —2) dimensions* 
V*,., contained in it. Take any point A, in this polar- 
space not on the Quadric. Next take any point A, on the 
intersection of the polar-spaces of A, and A,, and so on. 
Thus ultimately (n + l) independent points are obtained, all 
reciprocally polar to each other with respect to a given 
Quadric. 

72. Generating Spaces of a Quadric: 


In ordinary Geometry of three dimensions we have the 
proposition : “ Through any point of a conicoid generating 
lines, real or imaginary, can be drawn." This proposition 
has been generalised by  Veroneset and stated in the 
form :— - 

“If the complete space be of 2, or 2, — 1 dimensions, 
the subordinate spaces, real or imaginary, contained with- 
in any Quadric surface will be of (& — 1) dimensions.” 

We have seen in the preceding article that (n+ 1) points 
of space can be determined reciprocally polar to each other. 


* Vide— Bertini, loo, cit. Chap. VIII, §§. 2.3, 
+ Vide—Veronese, loc, cit, 


^.- 
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Now the question is to determine the number of such 


. points which ean be found to lie on the Quadrie surface. 


Now, if a, be a point on the Quadric, it lies in the polar 
space (a)(7)(«,)— 0. If a, be another point on the Quadric 
lying in this polar, (2)(«,)/2,) — 0, and the points a,, a, are 
such that each lies in the polar of the other. Hence any 
point on the line a,a, lies in both polars and on the 
Quadric. But the polars intersect in an (» —2)-space. 


Now take another point a, on the intersection of this 
(n—2)-space with the Quadric. Then e,,2,,2, are recipro- 
cally polar to each other and any point in the plane 
(a,,a,,a,) lies in the intersection of the three polar spaces 
and on the Quadric. But the intersection of three polar- 
spaces is an space of (» — 5) dimensions. Next take another 
point a, on the intersection of this (»—3)-spaee with the 
Quadric, and so on. Suppose that we have thus selected X 
points reciprocally polar to each other, which are of course 
such that each lies on the polar-spaces of others, as well as 
on that of itself (since it lies on the Quadric). If these k 
points be independent, their polars interseet in an space of 
(n— Kk) dimensions,* which contains the k points. Since 
these k points are independent, we must have 


n—k-r-lzk 
~ Qken+1. Thus the greatest value of k is the bighest 
n+l 
—. 


number of integers in Thus if » —24 or »—2»—1, 


the value of k is p. 


Therefore we have k or p independent points lying on 
the Quadric and these define an space of (4 — 1) dimensions 
contained in the surface of the Quadric. 


* Seo §. 68. 
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73. Quadric Hyper-cone : 

Corresponding to the ordinary Cone in the Geometry of 
three dimensions, we have a Quadrie Hyper-surface in ^- 
space which will be called a “Conical Quadric Hyper- 
surface.” 

Veronese has given the following definition* of the 
general Conical Quadrie Hyper-surface :— 

The figure formed by the lines which join the point V, 
with the points of the system F", is called ** Kegelfliche ” 
or “ Kegel of the first kind.” (F^, is a Hyper-surface of 
order m and dimension p. V, is the vertex, and F", is the 
base system of the cone. The lines which join V, with the 
points of the base are called the generators of the Hyper- 
cone. 

To find the condition that the general equation of the 
second degree should represent a cone.t 


The equation is written as (a)(x)* =0 vs (43 


Let (a) be the vertex V, and »', any point on the Cone. 
Then for all values of A and p, the point whose coordinates 
are Às’; +pa; must lie on the surface. 


Hence substituting in the equation (1) of the surface we 


obtain— 
A (a)(2')” +2ula)(a) (s) "a (a)(a)* —0 ~ (II) 
But (a) and (2^) lie on the surface. | 
-. (a)(a)* —O and (a)(.)* —O. 


* “Die Figur, welche von allen Graden gebildet wird die den Punkt 
V, mit den Punkten des Systems F=“, verbinden, heisst Keogelflache 
oder Kegel erster Art. V, ist die " Spitze '' nnd F^, des leitende System 
des Kegels. Die Graden, welche die Spitze mit den Punkten dos loiten- 
den Systems verbinden, heissen die “ Erzeugeden"" des Kegels. 
Veronese—loc. cit. §. 179, Def" I. 

+ For brevity of expression we write "Cone" for " Conical Quadric 

LL 


Hyper-surfaco. 


. 1 e 
pU 
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^ (a)(a)(2") =O for all positions of z', 
Now, (a)(a)(»') —O0 can be written as— 
69«92 o ta, a, + ... +a,,(a,x', oa a! S) H- ... =0, 
or (asa, tagia, + ... -Fao a. 1a s d- (a, 949-2, a, + 
+ Fanaa ja t ... +... =O ... (TIT) 


This is to be satisfied for all positions of the point (2’) 
(e. the coefficients of x',,z',, ... *, in (III) must identically 
vanish. 


Eliminating the (n+1) quantities a,,4,, ... a, between 
the (n+1) equations thus obtained we obtain the condition 
A —O, where A is the determinant 


A= Goo Go 1 =.. hon 
Gin Ga. *** aie 
Oso G a 4 *"*- Os. 
Guo Gay žr. Qea 


Hence the condition that the general equation of the 
second degree should represent a conical Hyper-surface is 
the vanishing of the determinant A. 


74. Consider the two Quadric Hyper-surfaces 
(a)(e2)* =S=0 and (a’)(z2)*=S'=0, 
Then S+AS'=0 represents a quadric Hyper-surface 
which passes through the intersections of S and S’. 
This will represent a conical Quadric H y per-surface, if the 
determinant (a,,--A2a'55,0, , FAG ,, ... Gan HAA a a) —O. 


This is an equation of the (n+1)th degree in À and 
therefore there are (n--1) values of A for which S+AS’=0 
may represent a conical Hyper-surface. 
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Thus in general (»-- 1) conical Quadrie Hyper-surfaces 
can be drawn through the intersections of two Quadric 
H yper-surfaces. 

We may prove also that “ the vertices of these conical 
Quadric Hyper-surfaces form a Self-polar Simplicissima,” 
This is really au extension of a theorem in three dimen- 


sional Geometry. 
75. Sections of a Conical Hyper-surface : 


“The Conical Hyper-surface V, — F",* of p dimensions 
and order is intersected by an space S, of k dimensions 
through the vertex V,, in general, in a Conical Hyper- 
surface V, — F^,,, . of k+p—n-+1 dimensions and order 
m which ean reduce to a system of m lines."t 


Any space S, , drawn through the vertex V, intersects 
the base-space S, , in an space S,_,_, whieh has at the 
most m points common with F^,. These points with the 
vertex form the x generators of the Conical Hyper-surface 
which lie in the space S, ,. Each space S, , contained 
in S, , intersects F“, at the most in a surface F,,,.. of 
k+p—xdimensions.t If we join the vertex V, with 
S,.,,we obtain an space S, which intersects the conical 
Hyper-surface in a  Conieal.surface V,— F^*,,,.. of 
k--p—n-r-1l dimensions and order m. 


If k=n—1, then the conical Hyper-surfaee of section 
is of p dimensions. If y=nx—2, then a plane through the 
vertex intersects V, — F^, at the most in m lines. 
Corollary : 

If the Hyper-surface F^, in S, , is a Hyper-surface of 
the second order, or a spheric S*. ,, then the conical 
Hyper-surface is of the second order. 

-* This notation is used by Veroucse—loc. cit, $. 179. Def“ I. 


t Cf. Veronese—loc. cit. §. 179, Satz I. 
I Veronese—loc. cit. 8. 178, Satz I, 
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In this ease each plane through the vertex cannot inter- 
sect it in more than twa generators, and in general, an 
space of r dimensions through the vertex intersects it in a 
conical hy per-surface of the second order of (r— 1) dimen- 
sions (r—3,4, ... 4 — 1). 


76. Veronese has given another form of a conical 
hyper-surfaee : We give here the definition of such a 
surface :— 


* We shall consider two dual spaces S, and Snom, 
which do not intersect each other." 


Let F”, be a given hyper-surface in S._._, and let 
p<n—m—l. 

The space of » +1 dimensions, which joins the space 
S. with the points of the hyper-surface F’,, forms a 
conical hyper-surface or a cone of the rth order, which is 
of p+m-+-| dimensions ; S. is the vertex-space, F”, is the 
base-surface of the cone. The spaces which join S. with 
the points of the base-surface are called “ generating 


spaces," 








CHAPTER V. 
PARAMETRIC REPRESENTATION. 


77. The literature on the Geometry of Hyper-surfaces 
is very limited and most of the few authors who have seen 
their way to deal with the subject have taken up a stand- 
point, by no means based on elementary ideas, but to a 
high degree technical, depending on intricate differential 
formulae. Having but imperfect knowledge of continental 
languayes the writer is not in a position to fully ascertain 
how far the authors in those languages have adopted 
familiar elementary ideas in developing the Geometry of 
Hyper-surfaces with the application of differential methods, 
but in almost all treatises on differential Geometry refer- 
ences are made as to the suitability of these methods to 
higher Geometries. The present writer only avails himself 
of those references and ventures, though in some cases 
lacking confidence in their generality and Geometrical 
interpretation, to generalise the formulae used in the 
ordinary differential geometries, not knowing how far he 
has been anticipated by others. Kommerell* in his disserta- 
tion has given a treatment of two-dimensional spreads in 
four-dimensions. The present paper will deal with surfaces 
in a four-space. 

A single relation in four variables (+,y,2,4) represents a 
Hyper-surface in four-space. Along the hyper-surface, each 
of the variables can be conceived as expressible in terms of 
three variable parameters. ‘Two relations in four variables 
represent a surface (two-dimensional spread) in four-space. 

* Along this surface each of the variables can be considered 


* Karl Kommerell— HRiemannsche Flächen im ebenen Raum von vier 
Dimensionen—Math, Ann. Bd. 60. 
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as expressible in terms of two parameters. In a. similar 
manner, three relations in four variables may define a curve 
in four-space along which cach of the variables can be 
considered as expressible in terms of a single parameter. 
Four such relations, in general, define a point or a number 
of points. Hence it follows that two hyper-surfaces in 
four-space intersect in a surface or surfaces, a. hyper-surface 
and a surface intersect in a curve or curves and two surfaces 
‘intersect in a point or points. 


Starting with these preliminary notions we can assert 
that the equations— 


=f, (tv, w), y =f, luv, w), =f, (mvae), (zf.(u,v,w) ... (1) 


where »,",7 are variable parameters, define a hyper- 
surface. 


Assigning particular values to any one of the para- 
meters (say w) the locus of the point (r,y,2,^), as v and w 
vary, is a surface on the hyper-surface, for (#,y,z,/) are 
now functions of two parameters. Suppose now that the 
three parameters are connected by the relation 


d ,n,10) —0 sb ») 


Equations (1) and (2) will then define a two-dimen- 
sional spread or a surface on the hyper-surface. 


In particular, any one of the three relations » —(const.) 
v=% (a const.), ſa const.) may be taken corresponding 
to equation (2) and in that case each of them may be taken 
'to represent a surface. These may be called “ parametric 
surfaces " on the hyper-surface. The three surfaces meet 
in a point P, whose position may then be considered as 
determined by the values of the parameters uw, v and w- 
and these values may then be called the ‘* Curvillinear 
Co-ordinates " of P. 
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The element of are (æ#x) on the surface defined by (1) 


and (2) is given by 


ds? —d c? dy? +d: +adt* 


where 


EM Jt re ð 
/ =p +. a 


ves 9M OY a+ OY de 
d — BU 5  dv+ Su dw. 


dt a. du -4- or 


ti 
* 


subject to the relation— 


ou 


Let 





The above expression (3) then reduces to— ^ 


ds? = Adu? + Bdv* + Cdw* --2Fdvdw --2Gdwdu 4- 9Hdudv.., (5) 


Bx D 
Au du -4 8r 


aw 


o du-- oe dv +- = 9$ div 0 


c el 


——————— — 


(3) 


(4) 
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The functions A,B,C, ... thus defined are analogous to the 
functions F,G,H used by Gauss.* For any other surface, 
the expression (5) will have the same form, subject to a 
different relation between au, dv, dw depending upon the 
particular surface selected. Consequently the value of ds 
given by (5) is the element of are on any surface of the 
hyper-surface. This may be called the linear element of 
the hyper-surface. 


78. The surfaces v=ġ%, w=e intersect in a curve OL 
on the hyper-surface. Similarly, w=c, «=a intersect in 
OM and w=a, v=% intersect in ON. The curves OL, 
OM, ON may be called the “parametric curves” on the 
hyper-surface. 


The direction-cosines of the tangent lines to these 
curves are respectively proportional to- — 


Cus usS uslu 5 Polos us. s > Cay estus s? 


where the suffixes indicate differentiation with respect to 
the parameters. 


Now, if /,,/,,/,,/, be the direction-cosines of the normal 
at O to the hyper-surface, since it is perpendicular to the 
three tangent lines, the following relations hold :— 


Loy lye lyr. Plta =O 
Lee Ray eR, +1,t,=0 
Le. ya Fite iUum ) 


Solving these equations for /,,/,,/,,/,, we obtain 





(6) 


* Disquisitiones generales cira jsuperficies curvas (Eng. Trans. by 
Morehead nnd Hiltebite). 
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where 


2 (ys) 5. Oum) .,— BCyD g= Olya) 
in Q (u,v, w) B= Ə (naww) Y= A iz Ə (uww) 


On simplification it will be fonnd that 


a? 4- B* 4- y* +5? — ABC--2FGH —AF* — BG* — CH? 


1 
T. tja=l,/B=l,/y=l, b= >N e 
VA -A 
Thus the direction-cosines of the normal at O are 2 
a B TA ô i EU... 
—— ——— ei — | n 
VAT VR AR AA Oy 
If © be the hyper-plane angle between the tangents to the 
parametric curves, we must have— i 
ABCsin?0=5 zz. y. PA 2 — i 
Li y. =» * | ^ X De 
Tw Ve T. ; —— LE "Loh 


=ABC +2FGH—AF*—BG*—CH*=_ 
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If @ ibi f, 4, are proportional to the direction-cosines, 


= Ə (ys) b. = Ə (sc) — Oluy) 


— — e a 


S O a OC, ' Oe)" 


ESO — ,. 0t ,., Ost) 
fi = Oivac)’ fy Oi v,w) ` A (vw) 





But a?,-Fb*,-Fc?, --f*,-- 9? +h", 
SS Hae ee PSS Se (Se re)” 
=BC—F* 
^ The direction-cosines of the tangent plane to the surface 


“=a are- 
a,/“BC—F? z b,//“BC—F* n c,/“BC—F* 
File BC —F* , ete. — CO) 


Similarly, the direction-cosines of the tangent planes to the 
surfaces v=) anf w-—c are respectively 














a,/ /CA—G?* . b,/ /CA—G*, etc. "s (9) 
y and a,//AB—H*, b ,/ VAB—H>?, etc. ve (ID) 
where gie Bano) ' etc. and a,= BO) ' ete. 
yi If 6, be the angle between the tangent lines to OM, ON, we 
lai: is have— 
aia Seats Ses IY) 
BS, VBG VBC 
| * Similarly, if 0,,0, be the angles between the tangent lines 





ON, OL and OL, OM respectively, we have— 


H 
cos 0,— — , and Son s= ee ka) 


ae - 


/CA B 


eu the surfaces ma be said to fo < triply orthogonal — 
= 7 m rre eap 


we have— B Sec SRECI ET 








: Í a 
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Y sin*6, =1— BO — 
^ sind, = ers ; similarly, siné, = JEE GA: ! 7 
and — «m 9, ss — ets (13) 


If ©, be the angle between the planes (9) and (10), we have -" ws 


sin6, sinĝ, cose, * = ayas d b. bs Hese e fuf s t a9 F has : ud 
/CA—G? - /AB—H*? 3 k 


A^/BC (a,a, +b,b,+ ...) 
~ (GCA—G*)(AB—H® ) 





^7. cos, = 


_ ABC (GH—AF; - 
(CA—G*\AB—H_?) 


BVAC (FH—BG) 
Similarly, cos, = =(BC—F*)(AB—H*) 
— C / AB(FG—CH > aec os 
»  «BC— E )( AC—G* ) * s.. (16) | F * 
. Definition: When three families of surfaces — e q* 
hyper-surface are such that through any point, one andonly — 


one surface of each family passes, and the tangent planes at VS 
point to the threesurfaces through it are mutually ps jer pendi = 



















system” of surfaces. — * — 
Now, if the three tangent planes: are [n 


—4 a ^ 54 
— ex 
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Hence, à necessary condition that the parametric surfaces 
upon a hyper-surface form an orthogonal system is that 


FGH=AF*=BG* —CH* 5. Gif 


This condition is also sufficient. 


We have seen that the six direction-cosines of a plane are 
connected by the relations* 


; oak iip: 
af + 6g+-ch=0 
It is easily seen that the direction-consines of the three 


tangent planes satisfy similar relations. 


79. The quantities A,B,C, ... as defined above have 
important applications in the differential Geometry of 
Hyper-surfaces and are independent of the particular selec- 
tion of orthogonal co-ordinate axes. 


Consider the effect of orthogonal transformation :— 
ew =a tl tly tll, t 
y'=b+m, x» +m, y tm, +H m,i 


* 


: z'zco4d-n.e4n,9-mn,Q,z- nul 
t—dpt py pz p.t! 
We have then 
A'z za * = Sle Ey. UL)" 
| —a*.ZmD,. +y* Sl, +2? Sl, +t sl’, 
+2e.y. ZU, + 22.7. S131; +2e.t. ELL 
+ Qy 2, Slil, Sy tL Slil, 9s tL EF. 


* » =g. ty". +-2* HE 
y zzA[ *. Si", =l eto. and =l l =l, l, =...=0]J | 
. 1 * 
* See §. 13. 
— 
B » 
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Similarly, 
F= — * te= 2 (l, tiy: + 6.8, thts (lite - T.y. 


+liz.+l,t,, ) 
Fete Yr Ve Tiere Tle. 


=} 


The quantities A,B,C,F,G,H may be called the “ funda- 
mental magnitudes " of the first order. 


80. The differential form of equation of a hyper- 
surface can be very easily obtained, by considering the fact 
that any normal to the hyper-surface is perpendicular to 
any direction in the tangential space. Let d+r,dy,dz,dt 
denote any direction in the tangential space and P,Q,R,S 
the direction-consines of the normal at a point O. 

Evidently, therefore, we have 


Pde + Qdy + Rdz + Sdt 0 xo ED) 


which is the differential equation of the hyper-surface. 

When r,y,2,7 are given as functions of #,v,w and conse- 
quently P,Q,R,S are deduced, the equation is satisfied 
identically. This is as it should be, for the integral equa- 
tion is implicitly contained in the expressions for +,y,z,¢. 

If P,Q,R,S be given as appropriate functions of »,y,z,/, 
the equation Pde -+ Qdy+ Rdz+Sdt=0 represents a hyper- 
surface @=const., only when 


P:Q:R:S= 99 . Of . 069. Of — 680) 


O- Oy 8: Ot 
Hence, P,Q,R,S must satisfy a certain relation, which we 
proceed to determine. 
From equations (20) we have 


"Tl 
— 1— 
« 

o » 
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where i is indeterminate. 








D ay UP)= 373,7 ae € 

or poe + pee =por + Qu 

or zi 37 E za )=Q 9r -P$^ Jr emi 

Similarly, zi 29 -57 )-8$^ -QƏ s. (22) 
Zi ox aP ) =P -RƏF e. (23) 
ri a -$2- ) =s 24 -PO = (25) 


If now we multiply (21) by (24), (22) by (25), (23) by 
(26) and add, we — 





sy 02 X 5:6: ) 
*(8* 5, TO VN) 
+( 2 ENE- ES) 


which is the condition of — to be satisfied. 


-Hence the direction-cosines of the normal to a hyper- 


surface must satisfy this condition. 
The converse theorem is also true. 





